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Introduction

The Background [1]

@ There exist some theories (but not the Standard Model itself!) that
suggest a self-consistent description of quantum gravity. However,
they are too complicated and contain many undetermined parameters

@ In string and some other theories, a spontaneous breaking of Lorentz
and CPT invariance can occur at ‘low’ energies £ < Mp ~ 109GeV
[Kostelecky, Jackiw, Coleman, Glashow, Colladay, et al.]

@ For the study of Lorentz violation in these conditions, The Standard
Model Extension (SME) was elaborated [Kostelecky, Colladay, et al.]
that describes it in the most general way

@ No evidence for the existence of Lorentz violation has been found to
date; all SME-couplings are tightly constrained, except for the few
ones, e.g. the zero component of the axial vector b,,:

lbo] < 1072V,
b < 107 Yev. g

~
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Introduction

The Background [2]

@ The study of atom within SME has yet concerned, primarily, its
spectroscopic properties [Kostelecky, Bluhm, Russell, Lane, Ferreira et
al.]. Solving the atomic eigenstate problem would also give the
possibility to study its radiative properties

@ Atomic parity can be effectively violated due to the weak interaction
[Zeldovich, Khriplovich, Novikov, Bouchiat, Curtis-Michel] and directly
by the interaction with the Lorentz-violating condensate bg.

@ Quantum theory of synchrotron radiation (SR) has been developed
within the Standard Model [Sokolov, Ternov, Bagrov, Zhukovsky et
al.] that even took the electron AMM into account.

@ This theory was based on the method of exact solutions in the
external magnetic field

@ Although this method has been employed in SME [Lobanov,
Zhukovsky, Murchikova], SR has been treated only classically

[Altschul] s
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Introduction

The Essence

Working within the context of Lorentz-violating extended electrodynamics
(a part of the Standard Model Extension (SME)), we investigate the
following physical systems:

o electron bound state in the Coulomb potential (hydrogen-like atom),

@ electron in a constant homogeneous magnetic field and synchrotron
radiation (SR).

Consideration of these problems is quite similar. It includes studying the
following aspects:

@ integrals of motion in the external field,

@ one-particle eigenstates and spectrum in the external field,

@ quantum transitions: interaction with photons within the Furry
picture, radiation distribution.
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Introduction

Extended electrodynamics

We use the minimal CPT-odd form of the extended electrodynamics with
electrons and photons:

1 .
L= _ZFWFW + 9 ("' Dy, — me — byysy!) 1.

Electron charge qc = —e < 0, « = €?/4m; D, =9, —ieA,, 5= —i7 vy

b* is a constant axial vector condensate that introduces a Lorentz-violating
CPT-odd interaction
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Hydrogen-like bound state
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Hydrogen-like bound state

The Model

@ One-particle approximation for e~ in an external field A,(r,t) within
extended electrodynamics:

h— = Hp(t 2 -1,
in2% = oy, ol =1
Hp(t) =ca- P+ Omec® —edy —boys — b - X,

) . e
ai =7°7", B = —ains, P=p+ —A.

@ Expansion into a series with respect to b*.

e Of interest is a spherically-symmetric potential, e.g. the Coulomb
Sl _(z
potential: A“ = {ﬁ.,o}.
In such a field, P-parity is unbroken unless »° # 0.
@ We will show both the quasirelativistic (for Za < 1) and relativistic
(for Zaw < 1) approaches. g
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Hydrogen-like bound state Quasirelativistic approach
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Hydrogen-like bound state Quasirelativistic approach

Quasirelativistic Hamiltonian in the External Field [1]

To obtain it, we will use the expansion into a series with respect to 1/c,

assuming h,c # 1, b* = {cby, b} (the Landau method).

0. Consider an electron with a wavefunction 1 in the positive energy
continuum:

ihop/ot = Ho()y, [[9]? =1
Assume P, E. H = O(c%), when acting upon v, and by, b = O(c").

1.Perform an energy shift: ¢(r,t) = exp{ j e t} (u)

v
2. In the standard representation of the Dirac matrices,

A —cA AN . R s
—c[\ 5\+2m62 v =0, AEa’P—i—bt,)\Eer—&-ahb—I—zh&

Then U_ch(l—m)Au+O(1/C)

3. Quasirelativistic wavefunction: ®(x) = (1 + 8m202> U.
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Hydrogen-like bound state Quasirelativistic approach

Quasirelativistic Hamiltonian in the External Field [2]

4. The equations of motion in the 1/¢? approximation (general form):

{X B 27A”26 (1 - 4?71}2202) * 8m1302 HAA} f‘} } ®=0(1/c).

5. The quasirelativistic Hamiltonian (gives unitary evolution and U(1)
gauge invariance):

. pr2 P2 eh
h = 21— H—ob—cA
2me, ( 4mgc2> + 2m, 7 ob—edot
eh eh? o|[P[bP]|
———0o|EP divE + ————;
* 4m2620[ I+ 8m2c? + 2m2c?

B2 = P} 22, P,=P+ho.

6. The results agree with [Kostelecky, Lane, 1999] and [Ferreira Jr.,
Moucherek, 2006].

11 / 47
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Hydrogen-like bound state Quasirelativistic approach

The 1/c?-approximation in the Coulomb field

edy = Z“hc , A =0, linear order in b" = {cb;, 0}
Unitary transformat|on d =exp {th (1+ Z”) o-r} o, r.=2n

mec’

reduces the problem to that without Lorentz-violating terms. After the
inverse transformation, we obtain:

D p1m; (1) = Rty () {ijj (r/r) + b (1 + ZT@) Yﬁn]»(r/r)} :

h 2
ZhR Z2a? 1 3
E=E,i|o_g=— 1 -2,
ilo=o nZ [+ n (j~|—1/2 4n>}
bt Z’Ie A% 7 A
l —&-% 1+ o o([rl] — [I7)) (Dnljmj:l(l—kl)(bnljmj;

-1/ 41

R=a*m.c?/2, I'=2j—-1, x=(-1) 2z =Flforl=j+1/2.

Ry, (1) remain the same radial functions that recover in the by = 0 case.

g

We will consider this problem in more detail within_the relativistic.approach.
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Hydrogen-like bound state Expansion of the Dirac equation with respect to bY

Gauge-invariant unitary transformation [1]

h=c=1, a =e?/4m, quadratic approximation in b* = {bg,0}.
Consider an electron in a spherically-symmetric potential ¢(r) and in a

weak ‘external’ field ALe)(x), so that A¥(z) = {o(r) + (;p) A(e)( )}
The transformation:

b= AL th oiboA | (I:ID _ ia) =it

A=Sr— " (SL+19 s, L=[rP|=—[Pr).

Me

The transformed Hamiltonian:
2 N b2 o ~ . N
Hp & Hp ymo —-f2° = daBY) — o, HO) 4 13)140),

where Hl(nt) [A(®)] contains b2-corrections to the interaction with the 3
external field, and fE I+ 1. o
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Hydrogen-like bound state Expansion of the Dirac equation with respect to bY

Gauge-invariant unitary transformation [2]

Corrections to the magnetic and electric dipole moment operators:

ebo ~ . ~
Fry = m*VO[ET]a da=ivs5py.

e
These two operators have zero expectation values in any eigenstate of the
nonperturbed Hamiltonian. Moreover, since [A, ¢(r)] = 0, Hp does not
include additional terms containing ¢(r), and that holds exactly, i.e. in
every order in bg.

The correction 1,4 generates a nonzero anapole magnetic moment T of
the electron orbital, which interacts as —T" - rot H(®) with the external
magnetic field. In the ground state of hydrogen (Z = 1),

T = 2erd (

2> mse,, rp is the Bohr radius; ms = +1/2.

MeC

Anapole moment is specific for systems with broken parity [Zeldovich, 195‘.74:[,?;|

Borisov, Zhukovsky, Ternov, 1989].

Kharlanov, Frolov, Zhukovsky (MSU) Bound State and SR in SME August 27, 2007 15 / 47



Hydrogen-like bound state Expansion of the Dirac equation with respect to bY

Removing by in a spherically-symmetric potential [1]

A =00 = A= .pr— mief‘fyo%; @(r) is arbitrary!

2 2 A
Transformed Hamiltonian: Hp ~ ap +mey° —eg(r) — :ToerO-
This Hamiltonian is P-even, then ¢ can be taken as follows:

RO (1Y}, (r/r) )

Dntjm (1) = (%Rg;wgl;@j (r/)

j= oo myj=—j,4; 1 =j=%1/2 determines the parity P = (-1t

)

N W

1
2

Moreover, A = fi), f= x#(j+1/2)=Flforl=j+1/2 Hp
therefore formally describes an electron in the potential ¢(r) without
Lorentz violation, but with a splitting correction (—b2f/m.) to the energy:

- b2
E=E=EJ+(j+1/2-2>  forl=j+1/2,
Me
where {Efgj)} is the spectrum in the by = 0 case. i
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Hydrogen-like bound state Expansion of the Dirac equation with respect to bY

Removing by in a spherically-symmetric potential [2]

In the initial representation:  modified parity: B, = e 2boA P,

. b2 i 11/2)2
eigenfunction: Vi, (7,t) = et oxp {O <r2 + M)} «

2 m2
1 2 1 /
ROV, = b (G RG)(r) = v R (1)) Y,
2 / 1 2 )
%R Y, = bo (RGN +rRD (1) Y,
©) b .
Enj=E,;+(+1/2)— forl=j5+1/2.

e

In the Coulomb potential (e¢(r) = Za/r), the radial functions Ry(lll’jz) are
well-known [Gordon; Darwin, 1928]. We don’t demonstrate them for their
complexity.

The degeneracy over [ typical for this case is now removed, the splitting
being < 10°Hz (if by < 10~2eV). However, it increases linearly with j.  [[H
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Hydrogen-like bound state Radiative transitions
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Hydrogen-like bound state Radiative transitions

Approximations

The angular distribution of the dipole one-photon radiation for the

transition [i), — [f), . in the nonrelativistic and linear in by
approximation:

d’LUfl o k3 (r)* ~ . 2‘ B E—-F
a0, ann e Ulomlibl s k==
ﬁlzeiﬂ—%(kz-f}fﬁ— [: xﬂ],

R eh - A ) eb R
fr=o—(A+0)+fig, fig=—slo].

2mec MeC?

E and e(™) define the photon momentum and polarization (7),
i), and |f), are the corresponding eigenstates in the absence of by; E, £
are their energies.

The Lorentz violation only modifies the electron magnetic moment
operator fu.
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Hydrogen-like bound state Radiative transitions

Transition: ‘2p1/2, mj = 1/2> — )151/2, m; = —1/2>

Distribution (summed over the photon polarizations):

dw  25603R 8bo
= 1 20— s6
Q% 65617 { + e e O }

2 . . .
R= % is the Rydberg constant, 6 is the angle between k and the axis of the
angular moment quantization (z).

@ The asymmetry appears due to the parity-nonconserving radiation
processes involving f1 4 and the interference of the corresponding
radiation with the electric dipole radiation.

@ Within the linear order in by, the total radiation rates are unaffected.
@ The factor of asymmetry is of the order "¢, < 10-8

@ For unpolarized atoms, a sphencally—symmetrlc distribution is restored.
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Hydrogen-like bound state Radiative transitions

An example of a transition [2]

Transition: ’2p1/2, mj = 1/2> — ’151/2, m; = —1/2>

3
dw _ 256a R{1+00820— 8bo COSH},

A, 65617 MeC?

)

To make the picture more vivid, we chose by/m.c? = 0.05 (by > 0). g
The distribution for by = 0 is shown in dash. '
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Hydrogen-like bound state Radiative transitions

A short summary

We have studied the bg-induced Lorentz violation both in its nonrelativistic
and relativistic regimes. The eigenstate problem in a spherically symmetric
potential was reduced to that without Lorentz violation.

The presence of by causes the violation of atomic parity, which results in
the additional energy splitting over [ quantum number and in the existence
of the bg-induced anapole moment of the orbital.

The radiation of polarized atoms, in turn, demonstrates a specific
asymmetry.
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Synchrotron radiation
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Synchrotron radiation The Model
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Synchrotron radiation The Model

The Model

@ Quantum treatment of electron motion within extended QED with b,
@ b = {bp, 0} in the observer frame

o (Classical constant homogeneous external magnetic field H,
H < H, = "% ~ 4.41 - 10'3Gauss

@ Anomalous magnetlc moment (AMM) p ~ 5-55- since H < H,

L=1 (i'y“Du —me + %a“ﬂFaﬁ — 757“%) 1,

01,243 oHV

v5 = —iy 0yt yEq7, :%['y“,’y”},Duzau—ieAu,e>0(qe:—e).
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Synchrotron radiation Eigenstate problem
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Synchrotron radiation Eigenstate problem

Eigenstate problem

Let H = He., H = const > 0, A*(z) = {0, ;[Hr]} so that A, = 0.

For an eigenstate |¢), the wavefunction 9 (z) = e*#*U(r), and we come
to the modified Dirac eigenstate problem:

Hp¥(r) = EV(r),
where

Hp = aP +7"me + pHA'S3 — boys.

[ﬁD,ﬁz] =0, so let us resort to a subspace with definite p, where
e'ipzz
V2T

r — {p,p,z} are the cylindrical coordinates.

U(r) = o(p, ¥),
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Synchrotron radiation Eigenstate problem

Transformation to effective quantities

Lorentz-violating ~5-term in the Hamiltonian can be effectively removed
with the help of a unitary transformation:

~ [ ~ b
¢ = e_g73¢, Hpo = E¢; Y = arctan —0,

ﬁD:aP+’yOme+ﬂH’YOE3, P:{P17P27ﬁ2}'

This fact, however, does not indicate that the Lorentz violation is
nonphysical. Instead, effective quantities arise in the effective Hamiltonian
ﬁD .

effective AMM /i, such that =/ (nH)? + b3,

. me cost¥ sind\ [me
effective mass and z-momentum ) = .
D —sind cos?/) \ p.

Except for the change (me,p., ) — (e, D2, ft), the eigenstates b are th%
same as those found in [Ternov, Bagrov, Zhukovsky, 1966]. o
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Synchrotron radiation Eigenstate problem

Energy Spectrum and Integrals of Motion

Full set of quantum numbers and the corresponding integrals of motion (in

the initial representation):

|

’ quantum number ‘ int. of motion ‘ eigenvalue
€= +1 iy E = ey/(1+iH)’ + 2
¢ ==l ﬂ:ﬂlcosﬁ—kﬂ”sinﬁ H:C\/m
n=20,1,2,... e
p: €R P =—iZ p:
s=0,1,2,... Jzz—z'%Jr% n—s—1/2

Here, II is the operator of electron polarization properties, which contains a
transversal and a longitudinal parts:
I, =m.S3+iy°’ [ x Pl,, I =XP.

When by # 0, the transversal polarization is no more conserved and the I_:]
[u]

electron eigenstates possess a ‘mixed’ (partially longitudinal) polarization.™
August 27, 2007 20 / 47
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Synchrotron radiation Eigenstate problem

Eigenfunctions [1]

After the inverse unitary transformation is performed, the solutions for ¥
have the form:

(
Pz 2 pi(n—s—1/2)¢ icy €2 T, o(x)
U(p,p,2) = N R B
(P, ¢, 2) Vor Vor c3 6'7“0/2 In—l,S(X) X 2 g
iC4 6Z§0/2 In,s (X)

Laguerre functions o Ins(x) = \/%e_xmx(”_s)/QL?_s(X),
Laguerre polynomials : Lls(x) = éexx—ld% (G_XXSH)-
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Synchrotron radiation Eigenstate problem

Eigenfunctions [2]

State-dependent spin coefficients {cq} for the normalized eigenfunctions:

c1 A(Pa + eCQp)
| _ 1 | —¢B(Pa - eQf)
c3 2V/2 APB — Qo) |’
¢y (B(Pp + e(Qa)

Me Me Dbz Dz
A_”1+i’ B—\/l—f, P—\/l—I—E, Q_Hl_f’
a:cosﬁ—siné ﬁ:cosﬁ%—siné.

2 2’ 2 2
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Synchrotron radiation Radiative transitions
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Synchrotron radiation Radiative transitions

General theory

Total radiation power in the leading order in e? for the spontaneous
transition from an eigenstate |i) to |f) with energies E and E’,
respectively:

62 3 / (7‘)* —ikr | 2
W—%Z/dké(E—E—k)e (a1

T=0,T

k is the photon wave vector,
e(™) is the vector describing the photon polarization (7).

The ultimate goal is to obtain the spectral-angular radiation distribution
(per unit length along z) summarized over all final states |f) with energies
E’' < F (i.e. over all allowed transitions from the fixed initial state).
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Synchrotron radiation Radiative transitions

Used approximations

o ultrarelativistic electron: m./E =)\ <« 1

e ‘weak’ magnetic field: H < H, (taken together, these two
assumptions imply that n > 1, that corresponds to a quasi-classical
electron motion)

e small electron AMM: iH < E; we assume fiH/E ~ 0 (this is quite

natural since in a typical laboratory ' ~ 1GeV, H ~ 10* Gauss, and
pH/E < m./E,¥ provided that b>> 10720 eV)

@ however, no assumption of smallness of ¢
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Synchrotron radiation Radiative transitions

Calculation of the radiation distribution [1]

In the chosen zero-order approximation in iH, the presence of by and p
affects only the spin coefficients of the eigenfunctions, i.e. the electron
polarization:

Hp — aP +m°, E — \/m2+2eHn + p2.

In this case, a conventional quasi-classical theory of synchrotron radiation
can be applied (within the assumption that p, = 0). However, initial and
final spin polarization states should be treated as mixed
(‘longitudinal-transversal’), since ¥ is finite.
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Synchrotron radiation Radiative transitions

Calculation of the radiation distribution [2]

Total radiation power in a spherical coordinate system with the z-axis
oriented along H:

2

. 27 y 8 9
=Wq [ d 0 do o, o= == ,
w Wl/ y sin 6472 No(1 1 €g)1 W o (em&)

where y is a dimensionless variable defining the radiation frequency, £ is a
parameter characterizing the role of quantum effects (in the quasi-classical
theory of synchrotron radiation):

ko &y ) 3 H1
E - T+rey 0 <y < +o0; S_QHC)\'

The signature of the Lorentz violation is contained in ®, which depends on
the spin coefficients.
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Synchrotron radiation Radiative transitions

Explicit form of spectral-angular distribution [1]

Asymptotic expressions for @, for the o- and m-components of linear
polarization of the radiation without a spin-flip (¢’ = ¢):

ot = )\? ((2 —|—§y))\ K2/3( z) — ((&y)(Acos ¥ — cos@sinﬁ)K1/3(2)>2,

[

D = 32((2 4+ €y) cos 0 Ko yal2) + C(€9) sin 9 A Kayal2))

~ 3 -
=Y (A/A) A2 =cos?6 + \Zsin? 6,
K, (z) are the Macdonald cylindrical functions.

Limits: 9 =0, § (correspond to IT =11, HH)'
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Synchrotron radiation Radiative transitions

Explicit form of spectral-angular distribution [2]

Asymptotic expressions for @, for the o- and m-components of linear
polarization of the radiation with a spin-flip (¢’ = —():

. 2
o = \? ((ﬁy)(COSHCOSﬂ + Asin 19)K1/3(z)) ,
. . 2
@7 = 32((€y) (cos 92 Ky (2) + CAKya(2)) )
_Y (3 3 {2 .2 2 i 2
Z—2<)\/)\) , A“=cos“0+ \sin“ 0,

K, (z) are the Macdonald cylindrical functions.

Limits: 9 =0, § (correspond to IT =11, HH)'
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Synchrotron radiation Radiative transitions

Explicit form of spectral-angular distribution [3]

Dominating effect: asymmetry of synchrotron radiation relative to the
electron orbit plane. This asymmetry is absent when IT = II | and appears
due a longitudinal admixture to the electron polarization. In other words, it
exists due to a non-conservation of the conventional integral of motion IT
and its modification stemming from the violation of Lorentz invariance:

I, HHLCOS§+HH sin 19,

The asymmetry also maintains for unpolarized electrons.
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Synchrotron radiation Radiative transitions

Explicit form of spectral-angular distribution [4]

ot (9), ¢=-1; a~—-1.2-10"8 ot(9), ¢=-1; a~ —5.4-10"°
0.2 0.4
0.1 0.2
10000 20000 30000 40000 500 1 30000
-0.1 -0.2
0.2 -0.4
ot 0), ¢=+41; a~1.2-10"8 ot (0), ¢=+41; a~5.4-10"°
0.2 0.4
0.1 0.2
0 10000 20000 30000 40000 500 0.2 30000
0.2 -0.4

Puc.: Normalized angular distribution ®(6) for k = 1 MeV, ¢ = £1 in the case
H =10*Gauss, E = 1GeV, by ~ 1072 eV, ¥ =1073.

Factor of asymmetry: q = >42—ldoun \yhere q,,, = [2 sinf df @,

n wup+wdown
Wiown = [ sin @ do ®.
2
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Synchrotron radiation Radiative transitions

Explicit form of spectral-angular distribution [5]

d(0), ¢ =—1; a~0.11 ®(0), ¢=-1;a=0
0.4 0.3
0.2 61
30000 40000 -0.1 00 10000 15000 2 25000
-0.2 0.2
-0.4 -0.3
®7(0), ¢ =+1; a~0.11 B(0), C=+1; a=0
0.4 0.2
0.2 0.1
0.2 30000 40000 0.1 10000 20000 30000 40000 500
_o:4 -0.2

Puc.: Normalized angular distribution ®; (6) for k = 1 MeV, { = %1 in the case
H =10*Gauss, E = 1GeV, by ~ 1072 eV, ¥ =1073.

Wyp —Wdown

T
(2
T where wy, = fo sin @ db ®,

Factor of asymmetry: a =

Wdown = fg sin @ df ®. @
2
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Synchrotron radiation Discussion
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Synchrotron radiation Discussion

Obtained constraints on b

@ Experimental evidence confirms the "transversality’ of electron states,
therefore we can conclude that ¢ < 1. Taken in the laboratory
conditions (E ~ 1GeV, H ~ 104 Gauss), this gives:

lbo| < pH ~107%eV

o If reliable data would be obtained for the observation of the radiation
of the electron anomalous magnetic moment, demonstrating no
signature of ¥ # 0, that would imply ¢ < iH/FE, and thus,

bg| < 10720 eV.
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Synchrotron radiation Discussion

A short summary

By solving the eigenstate problem, we have found that the nonperturbative
interaction between the electron AMM and the Lorentz-violating
condensate by can affect both the spectrum and the polarization properties
of the electron, the latter acquiring a longitudinal contribution.

This effect, causes, in turn, a specific asymmetry of the synchrotron
radiation of an ultrarelativistic electron. For a polarized electron, the
asymmetry becomes observable even for minuscule values of by.

Using the predicted radiation distribution, we have obtained the new
stringent constraints on bg.
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@ Conclusion
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The investigation of the two systems discussed above showed that the
Lorentz-violating interaction with by expresses itself in:

@ the modified electron spectrum and integrals of motion (parity or
polarization),

@ the nonpertubative interaction with its AMM,
@ the asymmetry of its radiation, especially for polarized particles,
@ the contribution to the anapole moment of the electron orbital.

The results obtained seem promising in suggesting new experiments, and
even now gave us new stringent constraints on by.
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Thanks for your attention!
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