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Main topicsMain topicsMain topics
Generic notes on the CabibboGeneric notes on the Cabibbo--KobayashiKobayashi--MaskawaMaskawa

(CKM) (CKM) matrixmatrix in the Standard Model.in the Standard Model.

The standard formThe standard form of the of the CKM matrixCKM matrix with with 
conserved CP and the conserved CP and the rotationrotation matrix (notes only). matrix (notes only). 

The exponential parameterisationThe exponential parameterisation of the mixing of the mixing 
matrix and the rotation matrix. matrix and the rotation matrix. 

CPCP--violationviolation in CKM, exponential parameterisation in CKM, exponential parameterisation 
and the and the rotation direction vectorrotation direction vector. . 

GenerationGeneration of new of new unitary parameterisationsunitary parameterisations of of 
CKM matrix with distinguished CP violating term. CKM matrix with distinguished CP violating term. 
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Generic notes on the Quark Mixing in 
the Standard Model

Generic notes on the Generic notes on the Quark Mixing in Quark Mixing in 
the the StandardStandard ModelModel

- hadronic charged current,
- coupling constant,
- Weinberg angle, 
- charged boson fields 

−
αj

Standard Model (SM) describes electromagnetic and weak Standard Model (SM) describes electromagnetic and weak 
interactions by a common gauge theory.interactions by a common gauge theory.
The The Lagrangian of the weak charged interactionsLagrangian of the weak charged interactions of of 
hadrons in the SM writes:hadrons in the SM writes:

The The hadronichadronic charged currentcharged current links the vectorlinks the vector of the of the 
++2/3e2/3e charged quarks charged quarks ((uu,,cc,,tt)) withwith the the --1/3e1/3e charged charged 
quark vector quark vector ((dd,,ss,,bb)) with the coupling constant with the coupling constant VVikik. . 

( )++ += α
α

α
α

CC JWJW
g

L
WJcint
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kiki
DVUJ γγ αα +=C

W
eg θsin/=
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Quark Mixing MatrixQuark Mixing MatrixQuark Mixing Matrix
..

2
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The The weak eigenstates are not the flavour eigenstates of weak eigenstates are not the flavour eigenstates of 
the strong interaction but their linear combination rotated the strong interaction but their linear combination rotated 
by an angle by an angle θθ. . (First postulated by Cabibbo on the base of 
experimental data).
For 2 quark doublets mixing is expressed via the For 2 quark doublets mixing is expressed via the real real 
unitary matrixunitary matrix -- rotation matrix on an angle rotation matrix on an angle θθCabCab (Cabibbo 
angle) in 2 dimensions.in 2 dimensions.
For 3 quark generations: the For 3 quark generations: the quark mixingquark mixing is expressed via is expressed via 
33××33 unitaryunitary matrix matrix VV -- CabibboCabibbo--KobayashiKobayashi--Maskawa (CKM)Maskawa (CKM)
matrix, which (by agreement) acts on the charge matrix, which (by agreement) acts on the charge ––e/3 e/3 
physical mass states and transforms them into new physical mass states and transforms them into new 
interaction eigenstates:interaction eigenstates:

,
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Experimental Values and Unitarity 
of the Quark Mixing Matrix

Experimental Values and Unitarity Experimental Values and Unitarity 
of the of the Quark Mixing Quark Mixing MatrixMatrix

In practice, the individual values of the entries of the In practice, the individual values of the entries of the 
mixing matrix can be determined on the base of the mixing matrix can be determined on the base of the 
experimental data: experimental data: 
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The unitarity of the The unitarity of the CKM matrix CKM matrix –– unitary matrixunitary matrix imposesimposes

.. ±−=−+≅−++
udusubudus VVVVV

The unitarity check for the Cabibbo matrix: The unitarity check for the Cabibbo matrix: 
.. ±−=−+

udus VV
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Wolfenstein Parameterisation 
of the Quark Mixing Matrix

Wolfenstein Parameterisation Wolfenstein Parameterisation 
of the of the Quark Mixing Quark Mixing MatrixMatrix

CKM matrix approximation in Wolfenstein parameters:  CKM matrix approximation in Wolfenstein parameters:  

Wolfenstein parameters:Wolfenstein parameters:
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data yields values:data yields values:
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Parameterisation of the CKM Parameterisation of the CKM -- Physics does not depend Physics does not depend 
on its choice, but we can choose most convenient one.on its choice, but we can choose most convenient one.
Standard form of CKM parameterisation: Standard form of CKM parameterisation: 

Three angles Three angles θθijij; when; when θθ2323==θθ1313=0=0, , the third the third θθ1212 = = θθcc -- Cabibbo Cabibbo 
casecase..
CKM matrix can be expressed as the product of 3 real CKM matrix can be expressed as the product of 3 real 
rotation matrices rotation matrices RRijij and 3 diagonal matrices and 3 diagonal matrices P1, P2, P3P1, P2, P3: : 

Standard Form of the CKM MatrixStandard Form of the CKM MatrixStandard Form of the CKM Matrix
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Rotations in Euler Angles FormRotations in Euler Angles FormRotations in Euler Angles Form
The rotation The rotation MM, according to Euler, according to Euler’’s rotation theorem s rotation theorem ––
M=BCDM=BCD,, where B,C and Dwhere B,C and D areare rotation matrices rotation matrices -- is given is given 
by three rotation anglesby three rotation angles α, β, γ. 

The example of the rotation in The example of the rotation in 
Euler Angles. Euler Angles. 
The xyz (fixed) system is The xyz (fixed) system is 
shown in blue, the XYZ shown in blue, the XYZ 
(rotated) system is shown in (rotated) system is shown in 
red. The line of nodes, labelled red. The line of nodes, labelled 
N, is shown in greenN, is shown in green
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Standard Form of the CKM Matrix 
and the Pitch-Roll-Yaw Rotations

Standard Form of the CKM Matrix Standard Form of the CKM Matrix 
and the Pitchand the Pitch--RollRoll--Yaw RotationsYaw Rotations

Standard FormStandard Form of the of the CKM matrix without the CP violationCKM matrix without the CP violation, , 
accounted via complex phase accounted via complex phase δδ , being real,, being real, represents the represents the 
rotationrotation M=BCD M=BCD in the in the ““xyzxyz”” –– pitchpitch--rollroll--yaw convention yaw convention 
(common in aeronautics), where (common in aeronautics), where 

roll: roll: θθ1212 –– rotation about the rotation about the xx--axis, axis, 
pitch: pitch: --θθ1313 rotation about the rotation about the yy--axis and axis and 
yaw: yaw: θθ2323 –– rotation about the rotation about the zz--axis.axis.

X - forward

Y – to the right

Z - down
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Exponential Parameterisation of 
the CKM Matrix and Rotations

Exponential Parameterisation of Exponential Parameterisation of 
the CKM Matrix and Rotationsthe CKM Matrix and Rotations

Mixing matrixMixing matrix in in exponential parameterisation exponential parameterisation with with 
conserved CP conserved CP -- δ=0 -- the the angleangle--axis presentation of axis presentation of 
rotationsrotations in classical mechanics. in classical mechanics. 
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Exponential form of Exponential form of 
mass mixing matrix: mass mixing matrix: 
((δδ accounts for the violation of accounts for the violation of 

CP, CP, λλ –– for the quark mixing)for the quark mixing)

( )zyx nnn ,,ˆ =n

Classical Classical rotationrotation matrix matrix MM
Single angle of rotation Single angle of rotation ΦΦ
and the and the direction unit direction unit 
vector vector 
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Standard form of CKM Matrix with 
δ=0 and Space Rotations in Angle-Axis
Standard form of CKM Matrix with Standard form of CKM Matrix with 

δδ=0=0 and Space Rotations in Angleand Space Rotations in Angle--AxisAxis

The The rotation direction vector rotation direction vector nn and and rotation anglerotation angle ΦΦ are are 
related to the related to the elements of the CKM matrix:elements of the CKM matrix:

( )( ) 2/sin 132312131223 scsccsnx −+−=Φ

( )( )/sin ssccsny −−=Φ

( )( ) 2/sin 132312132312 sscccsnz −+−=Φ
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c θcos= ijij
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,̂nM

Explicit expression for the Explicit expression for the rotation matrix rotation matrix in 3D spacein 3D space in in 
the anglethe angle--axis form axis form :
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Standard form of CKM Matrix with 
δ=0 and Space Rotations in Angle-Axis
Standard form of CKM Matrix with Standard form of CKM Matrix with 

δδ=0=0 and Space Rotations in Angleand Space Rotations in Angle--AxisAxis

When When twotwo of the three of the three angles of the CKM matrix turn angles of the CKM matrix turn 
zerozero, , the lastthe last non vanishing angle non vanishing angle becomes becomes ΦΦ. . 

Cabibbo caseCabibbo case takes place when the unit vector is turned takes place when the unit vector is turned 
against the against the zz--axis:axis:

( )1,0,0ˆ −=Cabbibon
⎟⎟
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Exponential Mass Mixing Matrix with 
δ=0 and Space Rotations in Angle-Axis
Exponential Mass Mixing Matrix with Exponential Mass Mixing Matrix with 
δδ=0=0 and Space Rotations in Angleand Space Rotations in Angle--AxisAxis

Comparison of the exponent Comparison of the exponent 
of the of the rotationrotation matrixmatrix
M(M(n,,ΦΦ) ) in 3D with the in 3D with the 
exponential mass mixing exponential mass mixing 
matrixmatrix V=V=eeAA, yields , yields ΦΦ and and nn

If we set the rotation angle If we set the rotation angle 
in the axisin the axis--angle angle 
presentation presentation ΦΦ=0=0, then we , then we 
obtain the unit matrix obtain the unit matrix II
for the rotation for the rotation M(M(n,,ΦΦ))..

42221 λαλβλ ++=Φ

42221 λαλβλβ ++=xn

422211 λαλβ ++−=zn

42222 1 λαλβλα ++=yn

( )
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
==Φ

=Φ

100
010
001

,
0
InM
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Quark Mixing with conserved CP 
and Rotations in Angle-Axis

Quark Mixing with conserved CP Quark Mixing with conserved CP 
and Rotations in Angleand Rotations in Angle--AxisAxis

Thus we may imagine quark mixing when the CP Thus we may imagine quark mixing when the CP 
is conserved as the is conserved as the rotation in the planerotation in the plane with with 
the the normal vector normal vector n, , which determines the which determines the 
quark mixing by the single rotation anglequark mixing by the single rotation angle, as the , as the 
Cabibbo angle does for four quarks. Cabibbo angle does for four quarks. 

It is enough to It is enough to set this single fundamental set this single fundamental 
angle zero in order angle zero in order to to cancelcancel the rotation from the rotation from 
the geometric point of view and cancel the geometric point of view and cancel the the 
mixing between quarksmixing between quarks from the physical point from the physical point 
of view.of view.
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CP Violating Term and 
Rotations in Space

CP Violating Term and CP Violating Term and 
Rotations in SpaceRotations in Space

The CP violationThe CP violation is accounted for via the is accounted for via the complex phase in complex phase in 
the entries (1,3) and (3,1) of the generating matrix Athe entries (1,3) and (3,1) of the generating matrix A. . 
Hence, the correspondent entries (1,3) and (3,1) of the Hence, the correspondent entries (1,3) and (3,1) of the 
rotation generator rotation generator MM should be complex: should be complex: 

Thus the Thus the ““yy”” component of rotation direction component of rotation direction vectorvector nn is is 
complexcomplex: : 
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Generation of New Parameterisations 1Generation of New Parameterisations 1Generation of New Parameterisations 1

LetLet’’s s decomposedecompose the argument of the mass mixing the argument of the mass mixing 
matrix matrix V=V=eeAA in the sum of the in the sum of the Im[AIm[A] and ] and Real[AReal[A] ] 
components:  components:  A=AA=A11+A+A2 2 
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( ) [ ][ ] ( )λoAAA
A

A
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eeV AAA ++⎟
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⎠
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⎜
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⎠
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⎜
⎜
⎝

⎛
=== + ˆˆˆ

!

ˆ
expˆexp

ˆ
expˆ ˆˆˆ

Make use of the identity from the matrix theory. The Make use of the identity from the matrix theory. The 
commutatorcommutator is of the order of is of the order of OO((λλ66), the last term ), the last term oo((λλ66): ): 
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Generation of New Parameterisations 1Generation of New Parameterisations 1Generation of New Parameterisations 1
Generate Generate new exactly unitary parameterisationnew exactly unitary parameterisation V V 
with the help of above mentioned identity as follows:with the help of above mentioned identity as follows:

( )]Re[exp]Re[ A== AVP

( )AA ˆexp,
ˆ
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Generation of New Parameterisations 2Generation of New Parameterisations 2Generation of New Parameterisations 2
The other The other decompositiondecomposition of A=Aof A=A11+A+A22 ::
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⎠
⎞⎜

⎝
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i

i

e

e

1A

Note:Note: eeAA22==PPRotRot -- rotation matrix in anglerotation matrix in angle--axis presentationaxis presentation

Make use of the formula: Make use of the formula: 
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Generation of New Parameterisations 2Generation of New Parameterisations 2Generation of New Parameterisations 2
Generate Generate new new parameterisationparameterisation with the help of above with the help of above 
mentioned identitymentioned identity with rotation matrix term: with rotation matrix term: 

The The commutatorcommutator is of the  order is of the  order OO((λλ44)), then, then
differs from V=differs from V=eeAA in in oo((λλ44). ). 
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Comments on the Generation of New 
Parameterisations 2

Comments on the Generation of New Comments on the Generation of New 
Parameterisations 2Parameterisations 2

TransformationTransformation PPCPCP preserves norm and preserves norm and orthogonalityorthogonality: : 

CP violatingCP violating matrix matrix reminds the Cabibboreminds the Cabibbo mixingmixing matrixmatrix for for 
the 4 quarks, the 4 quarks, acting on acting on the quarksthe quarks dd and and bb with the with the weights weights 
κκ for thefor the entries (1,3) and (3,1)entries (1,3) and (3,1)::

Δ+Δ= + sincos' bdd κ
Δ+Δ= − cossin' bdb κ

== '''' bbdd == '''' dbbd

HermitianHermitian--conjugated and inverse with respect to conjugated and inverse with respect to PPCP CP exist:exist:

IPPPP CPCPCP
1

CP =⋅=⋅ +−
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Generation of New Parameterisations 3Generation of New Parameterisations 3Generation of New Parameterisations 3
The generation of the new The generation of the new parametrisationparametrisation with rotation with rotation 
matrix term with the help of formula from matrix theory:matrix term with the help of formula from matrix theory:

( ) ( ) [ ][ ] ( )λoe ++⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=+== 211

1
2

1
21

A AAA
A

A
A

AAV ˆˆˆ
!

ˆ
expˆexp

ˆ
expˆˆexpˆ ˆ

.sin
δ

Λ=Δ

,λα=Λ

,
δ

κ i
ie

±± =

,

cossin

sincos

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

ΔΔ

ΔΔ
=

−

+

κ

κ

CPP

CPCP PPPV ⋅⋅=ˆ A
A

ee
ˆ

ˆ

, === RotCP PPP

PP ==PProtrot –– rotational matrix, rotational matrix, PPCPCP –– contains Imaginary part. contains Imaginary part. 

-- new new exactly unitary matrix,exactly unitary matrix, differs from V=differs from V=eeAA in in oo((λλ99))V̂~
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Bessel function presentation of the  
New Parameterisations

Bessel function presentation of the  Bessel function presentation of the  
New ParameterisationsNew Parameterisations

( ) ( )
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⎟
⎟
⎟
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⎜
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⎠
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⎛Λ

=
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∞
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∞

−∞=

−

∞

−∞=

+
∞

−∞=

n
n

n
n

n
n

n
n

n
J

n
J

n
J

n
J

δδκ

δκδ

cossin

sincos

CPP

CP terms of the new parameterisations, expressed in CP terms of the new parameterisations, expressed in 
Bessel Functions with distinguished CP phase Bessel Functions with distinguished CP phase δδ: : 

( ) ( )
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Discussion and resultsDiscussion and resultsDiscussion and results
Analogue between quark mixingAnalogue between quark mixing in Standard Model in Standard Model with with 
conserved CPconserved CP and and rotations rotations in classical mechanics. in classical mechanics. 
Exponential parameterisationExponential parameterisation -- rotation around a fixed axisrotation around a fixed axis
in 3D space on angle in 3D space on angle ΦΦ. . When When ΦΦ =0=0, the , the mixing between mixing between 
quarks fadesquarks fades out since the mixing matrix becomes out since the mixing matrix becomes II..
CP violationCP violation case is analogous to the case is analogous to the rotation rotation around around axisaxis
with with complex coordinatecomplex coordinate yy. . 
The exact treatment of problems with CP violation can be The exact treatment of problems with CP violation can be 
done on the base of theories with extended symmetries done on the base of theories with extended symmetries 
instead of O(3), for example SU(3) with Gellinstead of O(3), for example SU(3) with Gell--Mann Mann 
matrices, but the analysis become cumbersome! matrices, but the analysis become cumbersome! 
Generated Generated new unitary parameterisationsnew unitary parameterisations with with CP violatingCP violating
part, distinguished part, distinguished in coefficients of expansion in in coefficients of expansion in BesselsBessels. . 
These These new parameterisationsnew parameterisations include include O(O(δδ99)) corrections and corrections and 
abundantly satisfy experimental dataabundantly satisfy experimental data confidence. confidence. 


