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Nonstationary multidimensional Gross-Pitaevsky equation

p .
M, = IL[T] =Ho+ 5 | [T(y.t)*V(z —y)dy.
Hy=—+U(x), p=—ihV
2m

2 = Const, h-small parametr, i — 0.

U(x) is the smooth potential of the external field,

V(x — y) is the smooth translate-invariant potential of the .
Statment of problem: semiclassicaly soliton-type solutions , h — 0

—ih 2 + H[U]¥ = O(h¥?), (O(h*?) in the norm of Ly(R?)
U)o = Wo(z, h) = exp[((po, z — x0) + (& — 0, Bo(z — x0)))]

(3)

Bo = B, ImBy > 0
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In the linear case (2 = 0) in (2),H,, = Hy = 72 + U(x)

asymptotic solutions (h — 0) have the folowing form:

~(5a(0) + (pa(0), 2 — 7a(0)]
: Cxp[%(a: — za(t), BC7Y () (x — za(t)))](detC(t)) /2.

Where S, (1) is the classical action

Sa= /0 t (@ - U(zt:cl('r))) dr,

system in variations

W(x,t,h) = Nexp|

(g) _ (Ié)n — J;’w(d??cl(’»))> (?) j

B(0) = By, C(0) = By, = ((5;))nxn.

- OU(zqa)
Pad = —5p

Classical system |{ i = pa

(1)

- apriory Hamiltonian system

?é’cl\z_o = Do, &Uc1|x._0 = Xy [w|”

Ora(t) = (U, (2 — 24)*T)L, — 00, t — o0

f\/\ .

X(7)



The first main questions arises: What is classical dynamical
system corresponding to nonlinear [/, in the limit h — 0 7

Classical trajectory of quantum particle in the state U(z,¢. h) : ihU, = [, U

Zy(t,h) = (P(t,h), X(t,h) € R*, P(t,h) = (U, —ihV¥),, X(t,h) =
(0, 2T)L,).

P(t,h), X(t,h) are smooth functions, h — 0.

Statment 1. Classical system corresponding to the nonlinear operator
H,(Hamilton -Erenfest system):

(p=—V,U(z) — 2V,V(0)—

— V. [55p(U(x) + 226V (x = ¥)) o)y
r=17p
A =JM.(2)A = AM,(2)J, (p,x)eR™

a T pae

__|[ wp pa N t_ t _

A = (a 5 ) —are of order O(h)|, 03, = Opzy Ty = Oaay 0, = T,
Zp Mis

P En 0 "o 82(](%)
M (x) = (o U (2) + xv;;(o))  Vaal) = (dxdaf;

Initial conditions

(p|t—o = (o, pVo) = po, x|i—0 = (Yo, V) = 20

(Tple=0)km = (W0, Aprdp Vo) = 4(Bo By + By B)

(Taz|t—0)km = (P, A:ﬁkAfEm‘Po) = %

\ (0pe|t—0)km = %(\IIU, (AprAzy, + Az App)Tg) = %(Bg + B, k,m=1,n

L.




Hamiltonian system in variations with self- action:

(?) — IM(Xo(1)) (?)

Bli—o = By, Cli0 =E, A(t) -the Caushy matrix
where Xo- is the main part of the X (¢, h) = Xo(t) + hX(t) + O(h?)

Can_ (BO BN (BO) B0
Remark: A(l) = (O(t) j*(t)) (C’(O) C*(O))
Statement

A(l) = A(DA | AT (1)

~i
F
[a—
——

Let the folowing conditions to be satisfy: U(z),V(r) € C?*(R™). Then
localized asymptotic solution (mod h*?), h — 0, t € [0,T)] has the form

U, (z,t,h) =N, exp[;(S%(é;h) + (P(t,h),z — X(t,h)))]
1

exp[Qih(a: — X(Lh), BC 1) (@ — X (6, 1)))]

1
V/detC(t)

where S,.(¢, h) is the classical phase

)

S,(L 1) = [ (%(T, B — U(X(r, h,))) dr — 3V (0)1—

>

t
- / Sp(V:T(O)CIXX(T, h))d’?’.

0




Semiclassical solyton type solutions (U(x) = 0)
Let’s determine w?, (j = 1, ..., n)-cigen values of matrix sV, (0)

Theorem:Let the folowing conditions to be satisfied: »V. (0) > 0, V(7) €

C?(R") and w? # wf, j # k, then semiclassical solyton type solutions has
the form:
T (2,t,h) = Ny expl(Su(t: 1) + (P(t,h), ¢ — X (&, 1)))]
i . 1 (1)
— X(t,h),CC ) (x — X (t. h ,
(2= X(.).CCO™ 00 X0~

exp|o—

oh
(L h) = / . h)dT—%V(O)t—§/O Sp(V”(0)0aa(r, b)) dr-



_ V- »

ao + ha)t?
X(t1h)iﬂ0-|—f)0t+(0+2 ) +

A0S ST con((en £ wn)t) + K sin((n £ wn)))

+ Im=11/m

mn

+Hh Z(e; cos((2wy)t) + s;sin(2(w;)t)),

(L:h) — X(t,h), ap=—»V,V(0),

O'fm t ;L = hFO +Z Z (/05 WZ j:w’m,) )A?:m

+ I,m= l!,#m

— sin((w; £ wp)t z . )+ Z A ] cos(2wit) — Bzfz sin(2wit ),

oz (D)]] < C()ust._ Vt € R
where I, Af BE

Im> Dign —xn is the constant real matrix, a;, d{ s Km, 815 €-

real vectors from R", [,m = 1,...,n explicit form is easﬂy calculated
with formula A(t,h) = A(t)Al,_ oA (t) whith the Caushi matrix A =

cosltVR]_ ROPSnltVR
_\/ﬁsin[t\/ﬁ} (:()s[t\/ﬁ] , 1t = 2V (V).



(U (x) =<E(t),x>)"
Let be V(r) —smooth function, 7 € R®, grow with all it’s derivates at | 7 |» « not faster, than Ce"!,C =Const >0,

and vV V(0)=0 , " (0)>0 . Then semiclassical solyton type solutions modh*? of the equation (1) in non-

stationary homogeneous electric field (U (x) =< E(t), x >, E(t) e R*) have the form

¥(x,t,h) = exp[—%ivt] exp[%j L(X(z), X (z),7)d 7] exp[iﬁ < X(t)m, x— X (t) >]¥, (x— X (t))

< mX (t)z, X(t) >_< E(t), X(t) >

X (t)-centre of gravity of the semiclassical solyton (-the any solution of the equation of Newton)— mX (t) = —E(t),

Where |(X (t), X (t).1) =




a2
(4,,¥, (x)),x e R*- E.values and E.- function operator (Zp) +,<j V(x—y)|¥ |2dy-
v m R3

3
A v = v vy)iv, el A, =&V (0)+ hZQk(Vk +%)+%Sp[vrr(o)o-xx]’
k=1

G E(CDVC* +C'D,C")

where 3x3 matrix C consist of the E. vectors e rree o o e=XE2 2, which associate E. valuesgﬁ, j=123
of the matrix xv"(0). D, = diag(2v, +1),k =1,2,3 .

4 AX+2 )
Jvh

He (£),& e R? - multidimentional Hermit polynomial, which associate matrix W =-C*(C )T,

¥, (x,h) = (zh)~"*(detC)™* exp[ﬁ% < AX, BC*AX >]He, (~i(C")

_(_1)|n| i_ nq), AX=X= eR?
(He, (&) = e 1)) AX=X= X, %




Definition. Class of trajectory-concentrated functions
Z(t,h) = (P(t,h), X(t,h)) € R*", S(t,h) € R, S(0,h) =0

v f/(g’ %) ) expl(S(, B+ (P(L A, & — X (L)),

Vi K = {3, d = & -

where ¢(£,1) € S(R")
Assuption: Let W(z, ¢, h) exist and satisfy eq. Hartre (mod A2, ¥ € K)



Example
V(r) = expl~ Tign(m w)], wERY, % < 0
Solinon type solution has the form
V(2,8 k) = N, explz (Sult, ) + (Pt k), — X (¢, 1))
Z : 1

expl (= X(6, 1), GO0z = X(t, WD) =A™ (0L
((CE) )i = ((% sin (£0%) + dij cos(#L1:)) )
Sty k) fXET}EdT—H/Z’}“.Lﬂ'rrTfE
_A(l+2) 3 v 3 | o
Tppr, = ATmB? (|& | + 00 4 coa[2E0%) ( |E:'| + 001 4+ sin(2£00;) 2 (Reb ) 700 )
AT = A" [AR),

A 0) = (50,8 - (50 - GO O5(8), (s - X6, W),

z;(£) — columns of matrixC(f)



