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EF>;:@?@9 ¦ 9;JFª ~ >;»�¹WJ;9H_ ¦ >;:´K�_�:@¾�JAKjX ¤ HA9LJT:�9;H@¾ K39 ¦ GIH@¾À¾/E ¤ J;>©EAN3Q7J;¾�J
HG_M>;:@9LJ;¨ ¦ 9;9HJ ¾�JkGIHGaM«#«#JLº;J ¦ 9 ¤ :�¾�J`O@¹ ¦ ¼LK ¤ ?�EANRQ ¦ ¾^? <L>;H@JF­®? ¦ ¹ ¦ 9LJ;J
_§JAKYXGL ¦ > ¤ H@?MJ�B <;>LHAK ¤ >;:@9LK ¤ ?^O Jç­¥:�?@J;KÞª^Q7J;¾YH ¤ ¹ ¦ ¼;K ¤ ?@J ¤A¦ KYX@9;HG_MH <;:C½
>;:@¾ ¦§¤ >T: α � ± J ¨LJ;K�K ¦ 9�K ¤ H�BI:�K ¤ J;¨ ¦ KMGLJ;¼�<L> ¦ ¹ ¦ K α → 0 O·GIH ¤ H@>^J�¼
«#J©­®JL¨ ¦ K§G;JúK§HAH ¤ ? ¦§¤ K ¤ ?�E ¦�¤ < ¦ > ¦ BIHM¹TE	G ¤ H@¨ ¦ ¨L9;H@¾/E	?�­¥:�J;¾�H�¹ ¦ ¼LK ¤ ?AJHN �

�



¡F�3\ H#K;EF¨ ¦ 9 ? ª;?@9;H@¾ ?@J©¹ ¦ <L> ¦ ¹ ¦ KjXA9HJ ¼;_ ¦ 9 ¦ >;: ¤ H@>7>;:�­�> ¦ Z :cN3Q ¦ _§H4HA< ¦ ½
>;: ¤ HA>;:HO+?GJ ? ¦ ¹ ¦ 9LHw<L> ¦ ¹ ¦ KjXA9LH ¦ EF>T:�?@9 ¦ 9LJ ¦ O�GIH ¤ H@>;H@¾/EiH@9z<;HM¹�¨;JL9Fª©½¦�¤ KÞªÁJÁ<L> ¦ ¹ ¦ KjXA9LH ¦ GL?�:�9 ¤ H@?AH ¦ K ¤ H�BI:�K ¤ J;¨ ¦ KMGIH ¦ ¹WJ;«#« ¦ > ¦ 9;º;J;:#KjXA9LH ¦
EF>;:@?@9 ¦ 9;J ¦ ?=«#HA>L¾ ¦ s	:¥¹�K§HA9;: ¢�\ :�> ¤ :@KM:@>;: ¤ J �

} �3l :wH@KM9LHA? ¦ <;H#K;EF¨ ¦ 9;9LHA¼{:�KMJL¾�< ¤ H ¤ J;GLJ^<L> ¦ ¹ ¦ KjXA9LHM_§H HA< ¦ >;: ¤ HA>;:w<LH�½
K ¤ >LH ¦ 9;H ¤ H@¨;9;H ¦ > ¦ Z ¦ 9;J ¦��

�T� ³ KM9LHA?GJ�?�:Cª;KdXÁ9T: ª;?@9;H@¾q?@J©¹ ¦ <L> ¦ ¹ ¦ KjXA9LHM_§Hw>T:C­®> ¦ Z�:GNRQ ¦ _MHÁHA< ¦ >;:C½¤ HA>;:*JF­MEF¨ ¦ 9;:ha�?@HcKjN�ºLJFªç>;:�­nKWJL¨;9^J�B H ¤ G;>^J ¤ J�B=GL?�:�9 ¤ H@?MJ�B=KMJLK ¤A¦ ¾�O
?7¨;:@K ¤ 9LHAK ¤ J�O©G;?A:�9 ¤ HA?@HM_§H HAK§º;JAKHK;ª ¤ H@>T:7K ¹�JLKMK§J;<T:�º;J ¦ ¼�OL?�­¥:�J;¾�H�¹ ¦ ¼©½
K ¤ ?�EAN3Q ¦ _§HúK JF­dKLEF¨ ¦ 9;J ¦ ¾^<;>LJ 9T:�KWJL¨;J;J KMJ"KYJhO@¹ ¦ ¼;K ¤ ?�EAN3Q ¦ ¼ 9;:#H@K�½
ºLJAK^KLª ¤ HA> �?w a ¤ H@¼�S ¦ ­¥:¥¹�:¥¨ ¦ <;>LJ;¾ ¦ 9L»M9 ¹�>©EA_MH@¼R<;H�¹LBIH�¹ ¢ > ¦ Z ¦ 9;H
K ¤ H�BI:�K ¤ J;¨ ¦ KMGIH ¦ ¹�JL«#« ¦ > ¦ 9Lº;J;:#KjXA9LH ¦ EF>T:�?A9 ¦ 9LJ ¦ ¹jK;ª¬> ¦ ¹TEFº;JL>;H@?�:�9©½
9LHA¼¬¾À: ¤ >;JLº^J <"KWH ¤ 9LHAK ¤ J¬HAK§º;J"K^K;ª ¤ H@>T: ?çGIHAH@>A¹�JL9T: ¤ 9LHA¾�<;> ¦ ¹�K ¤ :�?�½
K ¦ 9;JLJ �

� �3\ H#K;EF¨ ¦ 9;H GL?�:�9 ¤ H@?AH ¦ GLJ;9 ¦§¤ J;¨ ¦ KMGIH ¦ EF>;:@?@9 ¦ 9;J ¦ ¹^K;ª"<;>LHAJ©­®?@HcKjXA9LHA¼
9;:GL#KYN�¹�: ¦ ¾ÀH@¼wK#J;KM<LHcKjX�­�HA?A:�9;J ¦ ¾ ª;?A9LHM_§H ?@J©¹�:ç<;> ¦ ¹ ¦ KYX@9;HG_MH >T:C­®> ¦ ½
Z�:GNRQ ¦ _MH=H@< ¦ >T: ¤ H@>T: �

��[IUWdc[�>Lacec["E@S�Q^�va��cdcQTS?>Lacec["E@S�Q^���/[�C�C/UDEM>HB�I µ :cLAH ¤ :49LHAK§J ¤�¤�¦ HA> ¦§¤ J©½
¨ ¦ KMGLJ;¼zB©:�>T:�G ¤A¦ > � µ ¦ ­ME�KjX ¤ : ¤ J ¹�JLKMK ¦ > ¤ :@ºLJ;J{¾�HG_�E ¤ LMJ ¤ XvJLKM<;H#KYX�­®H@?A:@9HJ
K§< ¦ ºLJT:�KWJLK ¤ :�¾�J`OA>T:cLAH ¤ :cN3Q7J;¾�J ?*HML#K�:�K ¤ J=J;KMK�K ¦ ¹�H@?�:�9;J©ª K ¤ HMB©:�K ¤ J;¨ ¦ KMGLJ©B
¹WJ;«#« ¦ > ¦ 9;º;J;:#KjXA9HJ�B EF>T:�?A9 ¦ 9LJ;¼`O�H ¤ GL>^J ¤ J�BçK§J;K ¤�¦ ¾Y?	«#J©­®JLG ¦ JbanK ¦ G ¤ >;HC½
9LJ;G ¦@�
= �/d8U�\�Qj�ca��"`_a�EPEA[Id�>IQj�ca8a8I µ ¦ ­ME�KYX ¤ : ¤ J^¹�JLKMK ¦ > ¤ :@ºLJ;J ¹WHAG"K�:¥¹DJ�?�:�KWJLKdX
9;:=K�K ¦ ¹TEANRQ�JIB¬GIH@9;« ¦ > ¦ 9;ºLJFª©B��
• l :�EF¨L9T:Cª¬GIHA9L« ¦ > ¦ 9Lº;JFª £ r#HA¾�H@9;H@KMH@?AK§G;J ¦ ¨ ¤A¦ 9;J©ª©½ ¡��@�A� ¯�O
• l :�EF¨L9T:Cª¬GIHA9L« ¦ > ¦ 9Lº;JFª £ r#HA¾�H@9;H@KMH@?�½ ¡@�@�;� ¯�O
• l :�EF¨L9T:Cª¬GIHA9L« ¦ > ¦ 9Lº;JFª £ r#HA¾�H@9;H@KMH@?AK§G;J ¦ ¨ ¤A¦ 9;J©ª©½ ¡��@��� ¯ �
• l :�EF¨L9T:Cª¬GIHA9L« ¦ > ¦ 9Lº;JFª £qu ¦ ?�ª ¤ 9T:¥¹�º;: ¤ J ¦ ¾ ¦ S=¹TEF9T:�>;HM¹�9^J ¦'\ K ¦ BI:C½
9LHA?@KMGLJ ¦ ¨ ¤�¦ 9;JFªö¯ �

�



µ ¦ ­§E�KjX ¤ : ¤ J ¹�JLKMK ¦ > ¤ :@ºLJ;J ¹�H@GAK�:¥¹DJ�?A:#KTJ;KdX JkHGLAK�E!S=¹�:�KWJ;KnX�9T:7K ¦ ¾�J;9;:@>;:CB
G©:�« ¦ ¹W>^J G;?A:@9 ¤ H@?@HA¼çK ¤ : ¤ JLK ¤ J;GLJ J ¤A¦ H@>;JLJ <LHcKLª «	JF­®JL¨ ¦ KMGIHG_MHú«ú:�GFE�KYX ¤�¦ ½¤ : Â x z O;>FEFGIH@?AHM¹�J ¤A¦ KjX ¢ :�G©:¥¹ ¦ ¾�JLG ± �Y\�� Â :@K�KWH@? �
��@�\;Z/acS+QY�8acaVI ³ K§9;H@?A9HJ ¦ > ¦ ­ME�KYX ¤ : ¤ Jq¹WJ;K§K ¦ > ¤ :�º;J;JvHA<©EALcKTJ;GIH@?�:�9^J ?9�
>;:GL@H ¤ :CBÁ:�? ¤ H@>T:AO;KM<LJ;KMH@G¬GIH ¤ HA>HJ�BD<;>LJ;? ¦ ¹�»§9w?çGIH@9;º ¦ :�? ¤ HA> ¦ « ¦ >T: ¤ : �
� >;d�@�S�>A@�d8Q~a U�\j�V�Ib `�a�EPE�[Id�>IQY�8acaVI u JLKMK ¦ > ¤ :@ºLJFª"JF­nKWHqS ¦ 9;: 9T: � }M�
K ¤ >;:@9LJ;ºT:¥B~J~KMH@K ¤ HAJ ¤ JF­Á?A? ¦ ¹ ¦ 9LJFªnJ ¤ >;»�Bf_�KW:@? �]m JHLcKTJ;HG_M>T:�«#J©ª K§H�¹ ¦ >©½
S J ¤ Ã�� 9T:�J;¾ ¦ 9LHA?A:�9;J;¼ �

� ,.(-03/�:;2 6V:4�e24,�� (-�1512 �e5.6�6V24,104(-�15�:;�1�1:; 
,.(-%;:'0¡<

]=UzVWV�[@`�[�Ccaca ¹�:�» ¤ KÞªDHGL�­®H@>DJLKMK�K ¦ ¹WHA?A:@9LJ;¼�O;KM?�ªF­¥:�9;9HJ�BDK ¤A¦ ¾�HA¼ ¹�J;KÊ½
K ¦ > ¤ :@ºLJ;J`OA<;>;JL?AHM¹Tª ¤ KÞªçHA<L> ¦ ¹ ¦ K ¦ 9;J©ª H@KM9LHA?@9^J�Bç<;H@9Fª ¤ JL¼`O�¹�:@» ¤ KÞª=G;>T: ¤ G;J;¼
HGL�­�HA>ÁH@KM9LHA?@9^J�BÁ> ¦ ­ME�KjX ¤ : ¤ H@?�¹�JLKMK ¦ > ¤ :�º;JLJ �v K ¦ ¹TE ¦§¤ H ¤ ¾ ¦�¤ J ¤ XHO´¨ ¤ H�­¥:¥¹�:®¨T:AO�>T:�KMK§¾·: ¤ >;J;?A: ¦ ¾À:�ª�? ¹�JLKMK ¦ > ¤ :�º;JLJ`O
?lK�KLEF¨T: ¦ EF>;:@?@9 ¦ 9;J©ª K GIH@¾�¾/E ¤ JL>FEAN3Q7J;¾�J H@< ¦ >;: ¤ H@>;9^J�¾�J GIHca�«#«#JLº;JI½¦ 9 ¤ :�¾�J`O�>T:�KMK§¾À: ¤ >;JL?�:�K�:�KdXv?w>T:cL@H ¤ :¥B ° � Â �ny,¦ L@H ¤ :@>L»M?A:HO u � ± � ± J;G ¤ H@>;HC½
?A:HO Â � x > ¦ _MH@>T: ¤@¤ JRJ ¹W> � ³ LAHGLMQ ¦ 9LJ ¦ a ¤ J©Bz> ¦ ­ME�KYX ¤ : ¤ H@?¬9T: EF>T:�?A9 ¦ 9LJ ¦ K
9 ¦ GIH@¾À¾/E ¤ J;>©EAN3Q7J;¾�J GIHGaM«#«#J;ºLJ ¦ 9 ¤ :�¾�J`O�?A:#S 9LH ¦ ¹jKLª <L>;JAKTHqS ¦ 9;JL¼ ?#«#JI½
­�J;¨ ¦ KMGLJ©B ­®:C¹�:¥¨T:¥B�OIªL?cKLª ¦§¤ KÞª K�KTHqS 9;H@¼kK ¤ H@¨;G;J ­®> ¦ 9;J©ªD¾À: ¤A¦ ¾À: ¤ JL¨ ¦ KMGIHG_MH
:�9T:�KWJ©­¥: ��\ H�¹;B H�¹~G^> ¦ Z ¦ 9LJ^N a ¤ HA¼R­®:C¹�:¥¨;J�Oc>T:C­®?@J;?A: ¦ ¾]J ¼^?¬¹�:@9L9;H@¼{>;:C½
L@H ¤A¦ OöK§HAK ¤ H@J ¤ ? K�K ¦ ¹;EAN3Q ¦ ¾ ��v 9T:¥¨;:#KW: J©­MEF¨;: ¦�¤ KÞª 9 ¦ HGL�B H�¹�JL¾ÀH ¦ E K�KWH@?AJ ¦ O
GIH ¤ H@>;H@¾/E~¹�H#K^S ¦ 9 E®¹�H@?cK ¦§¤ ?AH@>�ª ¤ X^«#H@>;¾À:#KjXA9HJ ¼¢_ ¦ 9 ¦ >T: ¤ H@>�EF>;:@?@9 ¦ 9;JFª�O
K§HAH ¤ ? ¦§¤ K ¤ ?�EAN3Q ¦ ¾/E7<;> ¦ ¹ ¦ K;E ¤ H@¨ ¦ ¨;9LHM_§H#?�­¥:�J;¾�H�¹ ¦ ¼LK ¤ ?AJ©ª ��£ : ¤A¦ ¾�O@K ¤ >LHAJ ¤ ½
KÞª#<LHcKLEA_M>FEF<L<T:�EF9LJ ¤ :�>;9HJ�B#H@< ¦ >;: ¤ H@>;H@?^O�J;¾ ¦ NRQ :Cª#9T:�¼©¹ ¦ 9;9HJ ¼-_ ¦ 9 ¦ >;: ¤ H@>`O
JzE�K ¤ :@9;:@?#KWJL?�: ¦§¤ KÞªYHM¹�9;H�­®9;:¥¨;9;:�ªYKM?�ªF­qXw¾ ¦ S=¹TEz<L> ¦ ¹ ¦ KjXA9HJ ¾�Jt_ ¦ 9 ¦ >T: ¤ HC½
>;:@¾�J=J w3v�u*z O�¹^K;ªçGIH ¤ H@>;HG_MH	JF­�? ¦ K ¤ 9^J ¤A¦ H@> ¦ ¾gJ K�EAQ ¦ K ¤ ?AH@?�:�9;J©ªçJ ¦ ¹�J;9I½
K ¤ ? ¦ 9L9;H@K ¤ J�> ¦ Z ¦ 9;J©ª � ² :@GLJ;¾ HML@>T:C­®H@¾�O4HML@HAK§9;H@?MJ�?A: ¦�¤ KÞª K�EAQ ¦ K ¤ ? ¦ 9;9T:Cª
KM:@¾�H@KMH@<;>�ªAS »M9L9;H@K ¤ XR>T:�9 ¦§¦ 9;:@¼I¹ ¦ 9;9^J�B¤_ ¦ 9 ¦ >;: ¤ HA>LHA? � ± :#S 9LHRH ¤ ¾ ¦�¤ J ¤ XHO
¨ ¤ H KM?�ªF­¥Xi¾ ¦ S=¹TE{H@< ¦ >T: ¤ H@>;9HJ ¾�J GIHca�«	«#J;ºLJ ¦ 9 ¤ :�¾ÀJ{J;KâB H�¹�9LHM_§H"EF>;:@?@9 ¦ ½
9LJFª¬JÁ<;> ¦ ¹ ¦ KYX@9;H@¼Á­¥:¥¹�:¥¨LJ ª;?cKLª ¦§¤ KÞª¬K�EAQ ¦ K ¤ ? ¦ 9L9;Hç9 ¦ KWJL9 ¦ ¼;9;H@¼ �] �c[IdcVWUY¦ §�Z/Q�V�[ >;:@K§KM¾À: ¤ >;JL?�: ¦§¤ KÞª2:�KMJ;¾�< ¤ H ¤ JLG©: <;H t K ¦ ¾ ¦ ¼;K ¤ ?A:
>;:�­�> ¦ Z�:cN3Q7J©B=H@< ¦ >T: ¤ H@>;H@?,EF>T:�?A9 ¦ 9;J©ª ~ >L»�¹�JL9^_ ¦ >T:AO�­¥:�?AJLKÞª^Q ¦ _MH	H ¤ ¹ ¦ ¼I½
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K ¤ ?@J ¤A¦ KjXA9LHM_§HD<T:�>T:�¾ ¦�¤ >;: α J >T:�KMK§¾À: ¤ >;JL?�: ¦§¤ KÞªiK ¤ HMB©:�K ¤ J;¨ ¦ KMGLJ;¼i<L> ¦ ¹ ¦ K
α → 0

�jz ¨LJ ¤ J ?A:Cª`O�¨ ¤ H GIHca�«#«#JLº;J ¦ 9 ¤ J�J;KâB H�¹W9;HG_MH EF>T:�?@9 ¦ 9LJFª ~ >;»Ê¹�JL9©½
_ ¦ >T:�9 ¦ ­¥:�?AJLKÞª ¤ H ¤ ?@> ¦ ¾ ¦ 9;J`O¥<;H#K;EF¨ ¦ 9L9^J�B7H@º ¦ 9;H@G	¹�H@K ¤ : ¤ H@¨;9LH�¹jKLª7?GJ�¨;J;KÊ½
K ¦ 9;J©ª ?#ª;?@9;H@¾^?@J©¹ ¦ <L> ¦ ¹ ¦ KjXA9LHM_§H¨_ ¦ 9 ¦ >T: ¤ HA>;: >;:�­�> ¦ Z :cN3Q ¦ _§H H@< ¦ >;: ¤ H@>T:
J'?GJ ?@H�¹�:{<L> ¦ ¹ ¦ KjXA9LHM_§H{EF>;:@?@9 ¦ 9;J©ª`O�GIH ¤ HA>LHA¾/E�H@9'<LH�¹�¨LJ;9©ª ¦§¤ KÞª � ² :�GAS ¦
?GJ ?@H�¹WJ ¤ KÞª <L> ¦ ¹ ¦ KjXA9LH ¦ GL?�:�9 ¤ HA?@H ¦ K ¤ H�B©:�K ¤ J;¨ ¦ K§GIH ¦ ¹WJ;«#« ¦ > ¦ 9;º;J;:#KjXA9LH ¦
EF>;:@?@9 ¦ 9;J ¦ ?7«#H@>;¾ ¦ s*:C¹WKMH@9T: ¢�\ :@> ¤ :@KM:@>;: ¤ J �A£ : ¤�¦ ¾�O©9T: HAK§9;H@? ¦ <;H#K;EF¨ ¦ 9©½
9LH ¦ :�KMJ;¾�< ¤ H ¤ JLG;J¬<L> ¦ ¹ ¦ KjXA9LHM_§H HA< ¦ >T: ¤ HA>;:çK ¤ >;H@J ¤ KÞª ¤ H@¨;9LH ¦ > ¦ Z ¦ 9;J ¦@�\ E�K ¤ X H ¢ <;>LHAJ©­®?@HcKjXA9LH ¦ _§JAKYXGL ¦ > ¤ H@?AH#<L>;H@K ¤ >T:�9;K ¤ ?@H^O B(H)

¢ :�KY_ ¦ LC½
>;: HM_§>T:�9;JL¨ ¦ 9L9^J�B H@< ¦ >;: ¤ H@>;H@?=¹ ¦ ¼;K ¤ ?�EAN3Q7J©Bw? H O ΓS(L2(R))

¢ K§J;¾�¾ ¦§¤ ½
>LJ;¨;9LH ¦ «#H@GIHA?@KMGIH ¦ <;>LHAK ¤ >;:@9LK ¤ ?AH � µ :�KMKM¾�H ¤ >LJ;¾ EF>T:�?@9 ¦ 9LJ ¦ ¹jKLªúH@< ¦ >;: ¤ H@>T:
aM?AH#KYN´º;J;J Ut

dUt

dt
= iHUt, U(0) = I T � U

K1_�:@¾�J"KYX ¤ HA9LJT:�9;H@¾ H O_¹ ¦ ¼;K ¤ ?�EAN3Q ¦ ¾ ? ¤A¦ 9F­�HA>L9;H@¾ <;>LHAJ©­®? ¦ ¹ ¦ 9;JLJ
H =

= H⊗ ΓS(L2(R)) Oj_â¹ ¦

H = H0 ⊗ I − I ⊗ i∇+H ©�ª¬« , T ¡ U
H ©­ª®« = K ⊗ Λ(g) + R⊗ A†(g) +R∗ ⊗ A(g),

<L>;J;¨ ¦ ¾ K∗ = K O H∗0 = H0
J R ¢ HM_§>T:�9;JL¨ ¦ 9L9^J ¦ HA< ¦ >;: ¤ HA>HJ�O

Λ(g) =

∫
dx g(x) a†(x)a(x), A(g) =

∫
dx g(x) a(x),

A†(g) = A∗(g) O g ∈ L1(R) ∩ L2(R) ∩ C(R) O a(x) J a†(x) ¢ <AKTH ¤ 9;H@K ¤ J
H@< ¦ >T: ¤ H@>;H@? EF9;JL¨ ¤ HqS ¦ 9;J©ª¬J¬>;HqS=¹ ¦ 9LJFª �± ¾ ¦ K ¤ H «	J;GIKMJL>;H@?�:�9;9LHA¼q«,EF9;G;ºLJ;J g O�?�B H�¹;ª^Q ¦ ¼q? HA<L> ¦ ¹ ¦ K ¦ 9;J ¦ _�:¥½
¾�JAKjX ¤ HA9LJT:�9T: H ©­ª®« OgL�E®¹ ¦ ¾ >;:@K§KM¾À: ¤ >;JL?�: ¤ XzK ¦ ¾ ¦ ¼;K ¤ ?@Hz9 ¦ H ¤ >;J;º;: ¤A¦ KjXA9HJ�B
«#JL9;J ¤ 9HJ�Bi«*EF9;GLº;JL¼ gα(x) ∈ C∞0 (R) O α ∈ (0, 1] O+GIH ¤ HA>LH ¦ J;¾ ¦M¦�¤ <;> ¦ ¹ ¦ ½
KTHA¾~¹ ¦ KjX ¤ :¥½¿«*EF9LG;º;JHN;�

lim
α→0

∫
f(x)gα(x) dx = f(0)

¹^K;ª KYNRLAH@¼ 9 ¦ <;> ¦ >^J�?A9LHA¼ HG_M>;:@9LJ;¨ ¦ 9;9LHA¼ «*EF9LG;º;JLJ f Oz<L>;J;¨ ¦ ¾ ¹�J;:C½
¾ ¦§¤ > dg(α) 9LHAK§J ¤A¦ KLª¬«*EF9LG;ºLJ;J gα K ¤ > ¦ ¾�J ¤ KÞªÁGD9FE�KYN�<;>LJ α→ 0

�Yv «#JI½
­�J;¨ ¦ KMGIH@¼ ¤ H@¨;G;J ­®> ¦ 9;J©ª`O ¤ :@GIH@¼k<;> ¦ ¹ ¦ K¬K§HAH ¤ ? ¦�¤ K ¤ ?�E ¦�¤ ¾�H�¹ ¦ KTJ ¤ H@¨ ¦ ¨;9LHM_§H

�



?�­¥:�J;¾�H�¹ ¦ ¼;K ¤ ?@J ¦ ¾'K§J;K ¤�¦ ¾gJ�K7H@G;>FE!S ¦ 9LJ ¦ ¾ � ¸ HA>L¾À:#KjXA9HJ ¼ <;> ¦ ¹ ¦ KiK ¦ ¾ ¦ ¼©½
K ¤ ?A:-_�:�¾�JAKYX ¤ H@9;J;:@9LHA? lim

α→0
Hα©­ª®« ª;?#K;ª ¦�¤ KÞª1¯�°^±^²�³G´Hµ!¶D±F·*¸!·#¹�º�³j»�¼�±H±^½�º¾·�¿DÀ�Á

¶�Â!Ã#·d¶`·�º�O ¤ :�G=G©:�Gç> ¦ ­§E�KjX ¤ : ¤#¦ _MH�¹ ¦ ¼;K ¤ ?@JFªç9T:,? ¦ G ¤ HA>HJ ?@J©¹�: ψ(v)⊗r OG_â¹ ¦
ψ(v) ∈ ΓS(L2(R))

¢ GIHM_ ¦ > ¦ 9 ¤ 9^J�¼D? ¦ G ¤ H@>`O v(0) = 0 O r ∈ H OF>T:�? ¦ 9 9FE�KjN;O
:;KWJL9 ¦ ¼L9T:CªwHML@HcKTHA¨LG©: ¤ :�G;J©BD? ¦ G ¤ HA>LHA?ç<"KWH ¤ 9;:=?

H
�

± ¹�:#KjXA9 ¦ ¼HZ ¦ ¾4OG_â¹ ¦ a ¤ H,9 ¦ <L>;J;?@H�¹WJ ¤ G <FE ¤ :�9;JLº ¦ OGL�E®¹ ¦ ¾zH@<FE�KMG©: ¤ X,J;9I½
¹ ¦ GIK α �Mv KLEF¨T:�¼`O�GIHM_â¹�:,H@< ¦ >T: ¤ H@>^J K O R J H0

GIH@¾�¾/E ¤ JL>FEAN ¤ O�>;:@K§KM¾�H ¤ > ¦ 9
?bÄ ��Å � ± ¹�JLKMK ¦ > ¤ :@ºLJ;H@9;9;H@¼=>T:cLAH ¤�¦ >;:@K§KM¾À: ¤ >LJ;?A: ¦�¤ KÞª HGL@HMLGQ ¦ 9;J ¦ 9T:�K�KLEF¨T:�¼
9 ¦ GIH@¾À¾/E ¤ J;>©EAN3Q7J©BÁH@< ¦ >T: ¤ H@>;H@? �µ :�KMK§¾ÀH ¤ >;J;¾ EF>T:�?@9 ¦ 9LJ ¦ T � UÁ?�<L> ¦ ¹�K ¤ :@?#K ¦ 9;J ¦ ?�­¥:�J;¾�H�¹ ¦ ¼LK ¤ ?AJ©ª`O´<LH�½
>LHqS=¹�: ¦ ¾�H ¦ H@< ¦ >;: ¤ H@>;H@¾ Ĥ0 = H0 ⊗ I − I ⊗ i∇ O;9 ¦ ­¥:�?AJLKÞª^Q7J;¾ H ¤ g �

dŨ(t)

dt
= iH(t)Ũ(t), Ũ(t) = e−iĤ0tUt

T } U
K�_�:�¾ÀJ"KYX ¤ H@9;JT:�9;H@¾

H(t) = e−iĤ0tH ©­ª®« eiĤ0t

= K(t)⊗ Λt(g) + R(t)⊗ A†t(g) +R∗(t)⊗ At(g),
T � U

_â¹ ¦ K(t) J R(t)
¢ 9 ¦ <;> ¦ >^J�?@9^J ¦ <LH*9;H@>;¾ ¦ K ¦ ¾ ¦ ¼LK ¤ ?�:,HG_M>;:@9LJ;¨ ¦ 9;9HJ�B=H@< ¦ ½

>;: ¤ HA>LHA?
K(t) = e−iH0tKeiH0t, R(t) = e−iH0tReiH0t,

:*H@< ¦ >;: ¤ H@>^J Λt(g)
O At(g)

J A†t(g) = A∗t (g)
ª;?#K;ª^N ¤ KÞªç9 ¦ HM_§>T:�9;JL¨ ¦ 9L9^J�¾�J`�

Λt(g) = e−t∇Λ(g)et∇ =

∫
dx g(x− t) a†(x)a(x),

At(g) = e−t∇A(g)et∇ =

∫
dx g(x− t) a(x).

± G©:¥¨ ¦ K ¤ ? ¦R¤ H ¤ :�KYX@9;HG_MH�¾�9;H¥S ¦ K ¤ ?�:AO�­¥:¥¹�:cN3Q ¦ _§H�HML#K�:�K ¤ X�H@<;> ¦ ¹ ¦ K ¦ 9LJFª
¹�:@9L9^J�B¬H@< ¦ >T: ¤ H@>;H@?HOT?AH�­qX@¾�»M¾pKWJL9 ¦ ¼L9FEANtHML@H#KWH@¨;GFE Lε ¾À9LHqS ¦ K ¤ ?A:

ES
ε =

{
φ(f) : φ(f) ∈ ES,

‖f‖B(H) 6 ε, ‖f‖B(H)⊗L2
< 1, f ∈ W 1

2 (B(H),R)
}
,

_â¹ ¦ ES ¢ ¾�9;HqS ¦ K ¤ ?@H GIHG_ ¦ > ¦ 9 ¤ 9^J�Bv? ¦ G ¤ H@>;H@?^O 0 < ε 6 1
� r#J;9 ¦ ¼;9;:�ªvHGLAHC½

KTHA¨LG©: ¤ :@GIHG_MHú¾À9LHqS ¦ K ¤ ?A:#<AKWH ¤ 9T:ú? ΓS(L2(R)) Æ >T:�KMKM¾À: ¤ >LJ;?A: ¦ ¾]J ¦ H@< ¦ >T:¥½¤ HA>HJ ¢ K§JAKjXA9LH 9 ¦ <;> ¦ >^J�?A9LH ¦ <;H t K ¦ ¾ ¦ ¼LK ¤ ?AHkH@< ¦ >;: ¤ H@>;H@?^OT¹ ¦ ¼LK ¤ ?�EANRQ�J ¦
�



J©­ ES
ε
? ΓS(L2(R))

�Dv <;H@¾�HMQ;XMN�9 ¦ _MHç?@? ¦ ¹�»M¾ K�K ¦ ¹TEANRQ EANt9LHA>L¾/ED?
H

�
p(X) = sup

ψ,h
‖Xh⊗ ψ‖H , _â¹ ¦ ψ ∈ ES

ε , h ∈ H, T � U
<L>;JL¨;»M¾ ‖ψ‖ΓS = ‖h‖H = 1.

v ?AH@¼;K ¤ ?A:v<;> ¦ ¹�9LHA>L¾gJ ¹jKLª p(X) <L>;H@? ¦ >�ª^N ¤ KÞª{9 ¦ <;H@KM> ¦ ¹WK ¤ ? ¦ 9;9;H ��v ?@HA¼I½
K ¤ ?@H 9;H@>;¾]J p(X) = 0 ⇒ X = 0 K�K ¦ ¹TE ¦§¤ J©­'KWJL9 ¦ ¼;9;H@K ¤ J >T:�KMKM¾À: ¤ >LJ;?A: ¦ ½
¾]J�B H@< ¦ >;: ¤ H@>;H@?�J ¤ H ¤ :#KjXA9LHAK ¤ J ¾�9;HqS ¦ K ¤ ?A: ES

ε

�cl H@>;¾À: p(X) HA<L> ¦ ¹ ¦ KLª ¦§¤
KTHAG©:�KYX@9;Hç?GJ <©EFGAKLEAN ¤ HA<LHcKTHM_§J^N�?

H
�

\ E�K ¤ X KΛ(t) =
∫ t

0 K(s)Λs(g) ds
J Kg(t, u) =

∫ t
0 K(s)g(u − s) ds

�
\ H#KWHqS JL¾

R(t, u) = e−iKg(t,u) e−iKΛ(t)R(t)eiKΛ(t)

JÁ>T:�KMK§¾�H ¤ >;JL¾�K ¦ ¾ ¦ ¼LK ¤ ?AHçH@< ¦ >T: ¤ H@>;H@?

Ũα(t) = eiKΛ(t) exp

{
−

t∫

0

dτ

τ∫

0

ds

∫
du R̃∗(τ, u)R̃(s, u)

× g(u− τ)g(u− s)
}

× exp



i
∫
dw a†(w)

t∫

0

dτ g(w − τ)R̃(τ, w)





× exp



i
∫
dw

t∫

0

dτ R̃∗(τ, w) a(w)g(w − τ)



 .

v�¦ ¾ ¦ ¼LK ¤ ?AH´HA< ¦ >;: ¤ HA>LHA? Uα(t) GIH@>;> ¦ G ¤ 9;H�H@<;> ¦ ¹ ¦ K ¦ 9;H,9;: Lε(H) = Lε⊗H O¦ _MHY­®:@?@J;K§J;¾�H@K ¤ X{H ¤ α HGL�E�K�KTHA?#K ¦ 9T:^K ¦ ¾ ¦ ¼;K ¤ ?@H@¾ «*EF9LG;ºLJ;¼ gα
��l :@¼I¹�»M¾

:�KMJL¾À< ¤ H ¤ J;GFE~>;:�­�> ¦ Z :cN3Q ¦ _§HiHA< ¦ >;: ¤ HA>;:"EF>;:@?@9 ¦ 9;J©ª ~ >L»�¹WJ;9^_ ¦ >;:iK�_�:¥½
¾�JAKjX ¤ HA9LJT:�9;H@¾[T � U �
��[IUWdc[Ib*QÈÇDIÊÉ`I�Ë-Ì ��� �

H(t)
�¥�cÍ��nÎ��Õ��������Ï9ÐÒÑ#ÓPÔÖÕL�#×�Î��;Î��AØ �YÙÛÚqÜ?ÝÁ�dÎ®�T�W�jÞAß

�



�jÜ?Ý�Ï@��à�� ��Í���Ï
ψ ∈ ES

ε á h ∈ H ���cÍF�GÏ@�dÎ��W�DÏ@� ���©�W�����¥Ø �¥�����YàI�
∥∥∥∥∥∥


Ũα(t+ ∆t)− exp

{ t+∆t∫

t

H(τ)dτ
}
Ũα(t)


h⊗ ψ

∥∥∥∥∥∥
H

= O
(
∆t3/2

)
C1(ψ) +O(

√
t∆t)C2(ψ)

+O(min(
√
α,
√
t,
√

∆t))C3(ψ),

×�Î��
Cj(ψ) á j = 1, 2, 3 â ����à©�®�ç��ÍDÜ·�ú���Þ���qã��T�ç�Õ�W���YÜ·�-ä Ì �Yà��W���¥�����YÜ
µ :�KMK§¾·: ¤ >;J;?A:Cª ¤�¦ < ¦ >^X{H@< ¦ >T: ¤ H@> U(t) = eiĤ0tŨ(t) O3<LHcKLEF¨T: ¦ ¾ K�K ¦ ¹;½

K ¤ ?@J ¦ ¹�:�9;9LHA¼ ¤�¦ HA> ¦ ¾]J �
��[IUWdc[Ib*Q{ÇDIÊå`IÖË*Ì ��� �

Hα
�®�GÍö�dÎC�Õ�������9Ï�ÐçænÓ�Ô3ÕL�#×�Î���Î��AØ �YÙÛÚ�Ü?ÝY�dÎ®�W�T�YÞ"ß

�jÜ?Ý�Ï@��à�� ��Í���Ï
ψ ∈ ES

ε á h ∈ H ���cÍF�GÏ@�dÎ��W�DÏ@� ���©�W�����¥Ø �¥�����YàI�

‖(Uα(t)− exp{iHα t})h⊗ ϕ‖H = C1(ϕ)O
(
t3/2
)
,

×�Î��
C1 â ����à©�®�ç��ÍDÜ]è ���Þ���qã��T�ç�Õ�W���YÜ]è ä Ì �Yà��W���¥����� á Î���è�����Ï Ì Ù4é �Yè Ï

ΓS(L2(R))
Ô

µ :�KMK§¾ÀH ¤ >;J;¾ <;> ¦ ¹ ¦ KvK ¦ ¾ ¦ ¼;K ¤ ?A:=HA< ¦ >;: ¤ HA>LHA? Uα <;>LJ
lim
α→0

gα = δ(x).

± J >;:#S ¦ 9LJ ¦ ¹jKLª7¹ ¦ ¼;K ¤ ?@JFª <;> ¦ ¹ ¦ KYX@9;HG_MH*H@< ¦ >T: ¤ H@>T:�9T:�<;>LHAJ©­®?@HcKjXA9HJ ¼ GIH�½
_ ¦ > ¦ 9 ¤ 9^J�¼w? ¦ G ¤ H@> ψ(f) ¾�HqS 9LH ­®:@<LJ;K�: ¤ X ª;?A9LH^�

ψt(f) êWëíì= lim
α→0

Uα(t)ψ(f) = exp{i(H0)5t}
× exp

{
−
(
R∗ (exp{iK} − iK − 1) (iK)−2R

)
3
t
}

× exp



i

t∫

0

dτ
(
R∗
(
eiK − 1

)
(iK)−1

)
1
f(τ)



 , ψ

(
f t
) T Ã U

<L> ¦ ¹ ¦ KjXA9;:�ª¬«*EF9;GLº;JFª f t(x) >T:�?A9;:
f t(x) = r(x) (f(x+ t) + h(x)) ,

���



<L>;J;¨L»M¾
h(x) = iI(−t,0)(x)

((
1− e−iK

)
(iK)−1R

)
2
,

r(x) = exp
{
i (K)4 I(−t,0)(x)

}
.

o,9©¹ ¦ GIKnJlEDH@< ¦ >T: ¤ H@>;H@? H@<;> ¦ ¹ ¦ K;ªHN ¤ <LHA>�ªI¹�H@G¬J©Bk¹ ¦ ¼;K ¤ ?@JFª �± J�¨;J;K�KWJL¾ G;>;: ¦ ?AH ¦ E K�KWH@?AJ ¦ O_GIH ¤ H@>;H@¾/EYE®¹�H@?cK ¦§¤ ?AH@>�ª ¦§¤ <;> ¦ ¹ ¦ KYX@9^J�¼
? ¦ G ¤ H@> K§HAK ¤ H®ªL9;JFª�OI: ¤ :�GAS ¦ <;> ¦ ¹ ¦ KYX@9^J�¼9_ ¦ 9 ¦ >T: ¤ H@> K ¦ ¾ ¦ ¼;K ¤ ?A:*_§>FEF<L< Uα �z ¨;J ¤ J�?�:Cª ¤A¦ H@> ¦ ¾/E � J ¤ H ¤ «ú:@G ¤ O®¨ ¤ HR_ ¦ 9 ¦ >T: ¤ H@>îT ¡ U+9 ¦ ­¥:�?@J;KMJ ¤ H ¤ ?A> ¦ ¾ ¦ ½
9LJ`O�G;>T: ¦ ?@H ¦ E K�KWH@?AJ ¦ J <L> ¦ ¹ ¦ KjXA9HJ ¼ï_ ¦ 9 ¦ >T: ¤ HA>v¾�HqS 9;H 9T:�¼ ¤ J JLKM<;H#KYX�­ME@ª
K ¦ ¾ ¦ ¼LK ¤ ?AH Uα(t) � ³ <;> ¦ ¹ ¦ KWJL¾�K�K ¦ ¹;EAN3Q7J ¦ KM< ¦ º;J;:#KjXA9HJ ¦ H@< ¦ >T: ¤ H@>^JlEF9LJ©½
¨ ¤ HqS ¦ 9LJFª`�

A±ψ(v) êWëíì= v(±0)ψ(v) , v ∈ W 1
2 (R \ {0}).

o´­9T Ã U�K�K ¦ ¹;E ¦�¤ OT¨ ¤ H
A−ψ

t(f) =
[(
eiK
)
4
f(t) + i

(
eiK
)
4

(
(1− e−iK)(iK)−1R

)
2

]
ψt(f)

A+ψ
t(f) = f(t)ψt(f),

H ¤ G©E®¹�:=<;H#K;EF¨;: ¦ ¾�GL>T: ¦ ?@H ¦ E K�KWH@?AJ ¦ ¹^K;ª ψt �
(
A− − eiKA+ − i(eiK − 1)(iK)−1R

)
ψt = 0. T � U

u KLª¬?MJ�?@H�¹�: <;> ¦ ¹ ¦ KYX@9;HG_MH=EF>T:�?@9 ¦ 9LJFªDEF¨ ¤ »M¾�OT¨ ¤ H
(
∂

∂x
− ∂

∂t

)
I(−t, 0)(x) = 0

<L>;J x 6= 0 OöH ¤ GFE®¹�:kK�K ¦ ¹TE ¦§¤ Oö¨ ¤ H ¤ :�GIH ¦ S ¦ KMH@H ¤ 9;HGZ ¦ 9;J ¦ ?MJ�<;H#KW9©ª ¦§¤ KÞªiJ
¹^K;ªw:�>^_�EF¾ ¦ 9 ¤ :=GIHG_ ¦ > ¦ 9 ¤ 9LHM_§H ? ¦ G ¤ H@>T:A�

(
∂

∂x
− ∂

∂t

)
f t(x) = 0.

² :@GLJ;¾ HGLA>;:�­�HA¾�O;<LHcKLEF¨T: ¦ ¾
d

dt
ψt =

[
∇+ i

(
R∗(eiK − 1)(iK)−1

)
1
f(t)− i(H0)5

−
(
R∗ (exp{iK} − iK − 1) (iK)−2R

)
3

]
ψt.

�A�



z K ¤ > ¦ ¾�K;ªFª t GÁ9FE�KjNtJDEF¨;J ¤ J�?A:�ª¬GL>T: ¦ ?@H ¦ E�K�KWH@?@J ¦ OTJL¾ ¦M¦ ¾

−i
(
d

dt
U(t)ψ(f)

)∣∣∣∣
t=0

=
[
−i∇+R∗(eiK − 1)(iK)−1A+ +H0

+ iR∗ (exp{iK} − iK − 1) (iK)−2R
]
ψ(f) .

² :�G;J;¾ HML@>T:C­®H@¾�O;KM<L>T:�? ¦ ¹jKWJL?AH K�K ¦ ¹;EAN3Q ¦M¦ E ¤ ? ¦ >PS=¹ ¦ 9LJ ¦��
��[IUWdc[Ib*QðÇYIÊñòI �/�F�W���jÜ�ó Í���ô@�Ç�W�!Ï@���T� �YÜ�ó �GÍö�dÎC�Õ���Wó �M�®óú��è�����Ï�� �¥���õÍF�#ß
�ç��Í���Ï.ÐçænÓ �GÍ��

gα → δ
ØFÏ��"Ø����ç��Øz�®���õÍF���ç��Í

H = −i∇+H0 +R∗(eiK − 1)(iK)−1A+

+ iR∗ (exp{iK} − iK − 1) (iK)−2R,

�"óú��Ù4é=�jèÈÏ9àI�#Þ;�M����Ï@� ��ÚÇ���@��� �Y�®�GÍö�dÎC�Õ�����T�"Øz����Înó	���qã��§����Ï@��Ï@��à �ç��Í���Ï
�Aô Lε(H) á Ì ÎC�#ÏM������Ï@��Í^ØYÙ4é �HÝ�ànÍF�@�dÏ��Wó Ì|Ì �Õ����Ï��YÙ ÐWö®Ó�Ô

o*KâB H�¹;ª�JF­�ª;?@9;HG_MH�?@J©¹�:´<L> ¦ ¹ ¦ KjXA9LHM_§H*>;:�­�> ¦ Z�:cN3Q ¦ _MH´HA< ¦ >;: ¤ HA>;:´¾ÀH¥S=½
9LHn?MJ�? ¦ K ¤ J K ¤ H�B©:�K ¤ J;¨ ¦ K§GIH ¦ ¹�JL«#« ¦ > ¦ 9Lº;J;:#KjXA9LH ¦ EF>;:@?@9 ¦ 9;J ¦ O�GIH ¤ H@>;H@¾/E
H@9;Hç<LH�¹�¨LJ;9Fª ¦§¤ KÞª � µ :@K§KM¾�H ¤ >LJ;¾ <;> ¦ ¹ ¦ K

lim
t→+0

(
ψ(w),

(
U(t+ dt)− U(t)

)
ψ(v)

)
ΓS =

(
ψ(w), M(dt)ψ(v)

)
ΓS ,

_â¹ ¦ K ¤ H�B©:�K ¤ J;¨ ¦ K§G;J;¼*¹WJ;«#« ¦ > ¦ 9;ºLJT:�K M(t) 9 ¦ ¹WHcKHS ¦ 9	­¥:�?AJLK ¦�¤ X�H ¤ ?GJ�LAH@>T:
GIH@9;GL> ¦§¤ 9^J�B�GIHG_ ¦ > ¦ 9 ¤ 9HJ�B7? ¦ G ¤ HA>LHA? ψ(w) J ψ(v)

� ³ <FE�KMG©:Cª�<;>;H@¾ ¦ SçE ¤ HA¨I½
9HJ ¦ ?MJ�GAKW:C¹WG;J`O�­¥:�<;JHZ ¦ ¾�?GJ >;:#S ¦ 9LJ ¦ ¹^K;ª{K ¤ H�BI:�K ¤ J;¨ ¦ KMGIHG_MH¬¹WJ;«#« ¦ > ¦ 9©½
ºLJT:�K�: M(dt) ?ç«#H@>;¾ ¦ s*:C¹WKMH@9T: ¢�\ :@> ¤ :@KM:@>;: ¤ J`�
M(dt) =

(
eiK − 1

)
dΛt

+
(
eiK − 1

)
(iK)−1iR dA

†
t + iR∗

(
eiK − 1

)
(iK)−1 dAt

+
(
H0 +R∗(eiK − iK − 1)(iK)−2R

)
dt.

u KLª «#H@>;¾/E�KWJL>;H@?AGLJ H@KM9;H@?@9;HG_MHl> ¦ ­ME�KjX ¤ : ¤ :'< ¦ >L?AH@¼ _�KW:@?GJhO	?@? ¦ ¹�»§¾
?@KM<LHA¾�HG_�: ¤A¦ KjXA9LH ¦ <LHA9©ª ¤ J ¦ ³j¿F·n¶AµM÷�·AøPÀW±^±F·�²�· ·�¿FÀ¬¶`Â�Ãc·n¶ò·�¹n±YÂ!ø#±D·�²�· ù^·�²�À�Á
¶`À�±�Ã¥±F·�²�·ú¸!À�ù�Ãc·n¶`Â ψN (J)

��\ H�HA<L> ¦ ¹ ¦ K ¦ 9;JHN;O¨a ¤ H�? ¦ G ¤ H@> «#H@GIH@?AK§GIHM_§H
<L>;H@K ¤ >T:�9;K ¤ ?A:HO�anK ¦ ¾ ¦ 9 ¤ :@¾�J^GIH ¤ HA>LHM_§HvªL?cKLª^N ¤ KÞª{H@< ¦ >;: ¤ H@>^J 9 ¦ GIH ¤ H@>;HG_MH
_§JAKYXGL ¦ > ¤ H@?�:=<L>;H@K ¤ >T:�9;K ¤ ?A: H OTJL¾ ¦ N3Q7J;¼Á?@J©¹��

ψN (H) =←−exp

{∫
dx a†(x)J(x)

}
|0〉, J ∈ L2(B(H),R).

�®¡



z <;H@>�ª©¹�H@¨ ¦ 9;J ¦ ?vBL>LHA9LHcKTHM_§J;¨ ¦ KMGIH@¼pa�GIK§<;H@9 ¦ 9 ¤A¦ ? ¦ ¹W» ¤ KÞª~<LHi:�>^_�EF¾ ¦ 9 ¤ :�¾
x ∈ R

HA< ¦ >T: ¤ HA>;: J(x)
� ² :@GLJ;¾ HGLA>;:�­�HA¾�O4<;>;Jq¹ ¦ ¼LK ¤ ?AJLJ�GIH@¾À<LHA9 ¦ 9 ¤ J

φn(x1 . . . xn) = 1√
n!
F (x1)F (x2) . . . F (xn)

EF<LHA>�ª©¹WHA¨ ¦ 9L9;HG_MH GIHM_ ¦ > ¦ 9 ¤ 9;HC½
_§H{? ¦ G ¤ H@>T: ψ(J)N

9;:ta�K ¦ ¾ ¦ 9 ¤ _§JAKjXML ¦ > ¤ H@?�:^<L>;H@K ¤ >T:�9;K ¤ ?A: H ?@9T:®¨T:�K ¦
¹ ¦ ¼;K ¤ ?�E ¦§¤ H@< ¦ >T: ¤ H@>iK 9T:�J;¾ ¦ 9^XGZ�JL¾�:�>^_�EF¾ ¦ 9 ¤ HA¾ xm = min(x1, . . . , xn)

O
­®: ¤A¦ ¾ H@< ¦ >;: ¤ H@> KY:�>^_�EF¾ ¦ 9 ¤ HA¾ min({x1, . . . , xn} \ {xm}) J ¤C� ¹ �3w :�S=½
¹�:�ª GIHA¾�<;H@9 ¦ 9 ¤ : ¤ :�GIHG_MH^? ¦ G ¤ H@>T:^KMJL¾À¾ ¦�¤ >LJ;¨;9;:{<;H{K§?AH@J;¾ :@>H_�EF¾ ¦ 9 ¤ :�¾4�
φn(. . . xi . . . xj . . . ) = φn(. . . xj . . . xi . . . )

<;>LJ ∀n, 1 6 i < j 6 n
�

\ H#K;EF¨LJ;¾R?*ª;?@9;H@¾R?@J©¹ ¦ ?GJ >;:#S ¦ 9LJ ¦ ¹jK;ª�¹ ¦ ¼LK ¤ ?AJ©ª H@< ¦ >T: ¤ H@>T: U(t) 9T:EF<LHA>�ª©¹WHA¨ ¦ 9L9^J�¼wGIHM_ ¦ > ¦ 9 ¤ 9^J�¼w? ¦ G ¤ H@> ψN (h) K#:�>^_�EF¾ ¦ 9 ¤ H@¾
h(x) = h0(x) + h1(x)I(−T, 0)(x),

T � U
_â¹ ¦ h0(x)

¢ ¨LJ;K�KWH@?�:Cªú«*EF9;GLº;JFª�O h1(x)
¢ HG_M>;:@9LJ;¨ ¦ 9;9;:�ªú<;>;J�KjN3L@HA¾ x H@< ¦ ½>;: ¤ HA>LH�­�9T:¥¨;:�ªi«*EF9;GLº;J©ªRK§H ­�9T:¥¨ ¦ 9;J©ª;¾�Jz? B(H) O T > 0

� ² :@GIH@¼i?@J©¹Y9T:¥½
¨;:#KjXA9LHM_§H7KMH@K ¤ H®ª;9LJFª ?MJ�L@>T:�9 K´º ¦ KYXGNq?@H�­�¾ÀH¥S 9;H@K ¤ J <;>LHA? ¦ >LG;Jî_§>FEF<L<;H@?AHC½
_§HçKM?@HA¼LK ¤ ?�: >T:C­®> ¦ Z�:GNRQ ¦ _MH=HA< ¦ >T: ¤ HA>;: �D\ E�K ¤ X

R̂ = (1− e−iK)(iK)−1R,

R̂2 = R∗ (exp{iK} − iK − 1) (iK)−2R,

W t(x) = Lt(t)h(x+ t)Lt−(t)IR\(−t, 0)(x) + V (x, t),

V (x, t) = Lt(−x)eiK(h(x+ t) + iR̂)Lt−(−x)I(−t, 0)(x),

Lt(z) =←−exp



i

t∫

t−z

dτ
(
H0 + iR̂2 + h(τ)R̂∗

)


 ,

Lt−(z) = (Lt(z))−1.

v <;>;:@? ¦ ¹^KWJ;?@H K�K ¦ ¹TEANRQ ¦§¦ E ¤ ? ¦ >PS=¹ ¦ 9;J ¦@�
��[IUWdc[Ib*QeÇDI�Ç"û�I�Ë Íö�dÎC�Õ�W���YÜ]è�ÍL�qôWÍö��üç�#Ù4é=�jè �®���ýÍL���ç��Í

U(t) á ØDÏ��AØYÙ4é=�jèjß
��Ø��GÍö�dÎC�Õ���Wó Íö��üç���T�Yè Ì ÍF�GÏ������T�"Ø¾þÿÍ���Î¥�T�D×��õÍF�i��×��dó	�F�W���ç�®�W�������Wó ÐçædÓ
ÎC��è�����Ï Ì ��� ��� àI��×��õÍö���T� �YÜ]è Ï���à��ç��Í Ï��DÎ��

ψN (h) á ×�ÎC�
h â �¥���õÍF���ç�qß

Íö�dô����#ÞF���¥Ø�ä Ì �jà��W�AØeÏ��FÎC�7Ð���Ó á �Õ���nÎ Ì Ù4é=�"ó �#Ú�ÍL�¥ô@�Wó7�
U(t)ψ(h) = ψN

(
W t
)
Lt(t), T ��U

v�¦ ¾ ¦ ¼;K ¤ ?@H HA< ¦ >;: ¤ HA>LHA? U(t) J©­�Tí��U�ª;?#K;ª ¦�¤ KÞªwEF9LJ ¤ :�>;9HJ ¾ GIHAºLJ;G"KWH@¾4�
U †(t) = U−1(t) O U(s)U(t) = U(t + s) O�¨ ¤ Hk<;>LHA? ¦ >�ª ¦§¤ KÞª"9 ¦ <;H@KM> ¦ ¹�K ¤ ? ¦ 9I½

� }



9HJ ¾�J ?GJ ¨LJ;K�K ¦ 9LJFª;¾�J � ± LcKTJF­�JD9©E�KLª HA< ¦ >;: ¤ HA> U(t) K§HA?@<T:¥¹�: ¦§¤ K�<L>;J^L#KWJI½
S »M9L9^J�¾ HA< ¦ >;: ¤ HA>LHA¾ U l(t) �

∥∥(U(t)− U l(t)
)
ψ
∥∥

H
= O(t1+β),

¹^K;ªiKYNRLMJ�B ψ ∈ ES
ε

O ‖ψ‖ = 1 J β > 0
�

]=U�VY>;U�d8UY¦ §�Z/Q�V�[ >T:�KMK§¾À: ¤ >;JL?�: ¦§¤ KÞªz>�ª©¹^«	JF­®JL¨ ¦ KMG;JIBz<;>LJAKWH¥S ¦ 9;J;¼
<LHAK ¤ >LH ¦ 9;9;HG_MHR:�KMJL¾�< ¤ H ¤ J;¨ ¦ KMGIHG_MHz> ¦ Z ¦ 9LJFª � ³ ¹�J;9 J©­vKM:@¾]J�Bn?�:�S 9^J�B ¢
K�K;EF¨T:�¼ ?�­¥:�J;¾�H�¹ ¦ ¼;K ¤ ?@JFª G;?A:�9 ¤ HA?@HM_§HúH@KMºLJAKHK;ª ¤ HA>;:úK�JF­nK;EF¨ ¦ 9;J ¦ ¾^<L>;J 9;:C½
KTJ;¨;JLJ ¹�JLKMKMJL<T:�º;JLJÁJ ?A9 ¦ Z79 ¦ ¼ KMJ"KYJhOL?@HAHGLGQ ¦ _MH@?@HA>�ª`OI­®:@?@J;KÞªHQ ¦ ¼ H ¤ ?A> ¦ ½
¾ ¦ 9LJ`OF¹ ¦ ¼;K ¤ ?�EAN3Q ¦ ¼Á9;:=HAK§º;JAKHK;ª ¤ H@> �

x©:@¾�J"KYX ¤ HA9LJT:�9;H@¾ ¤ :@GIH@?@HY?�­¥:�J;¾�H�¹ ¦ ¼LK ¤ ?AJ©ª ª;?#K;ª ¦�¤ KÞª�H@< ¦ >T: ¤ H@>`O_¹ ¦ ¼I½
K ¤ ?�EAN3Q7J;¼Á?=<;>;H@K ¤ >T:�9;K ¤ ? ¦ l2 ⊗ ΓS(L2(R))⊗ ΓS(L2(R)) ?@J©¹�:H�

H = H0 +H � E +H � L,
H0 = Ω b†b⊗ I ⊗ I − I ⊗ i∇1 ⊗ I − I ⊗ I ⊗ i∇2,

H � E = i g

∫
dx g1

ε (x)
(
I ⊗ a†(x)⊗ b− I ⊗ a(x)⊗ b†

)
,

H � L = iα(b† + b)⊗ I ⊗
(∫

dx g2
ε (x) a

†(x)a(x) + f(t)

)
.

¸ EF9LG;º;JLJ g1,2
ε (x) K ¤ > ¦ ¾/ª ¤ KÞª¬Gk¹ ¦ KjX ¤ :¥½¿«*EF9LG;ºLJ;JÁ<;>LJ ε→ 0

�
u KLª KYN3L@HG_MH ¦ ¹WJ;9;JL¨;9LHM_§H'? ¦ G ¤ HA>;: Υ ∈ ΓS(L2(R)) HML@H�­®9T:®¨;J;¾ ¨ ¦ ½

> ¦ ­ P (Υ) <;>;H ¦ G ¤ H@>¬?@J©¹�:H�
P (Υ)ψ = (Υ, ψ) Υ, ∀ψ ∈ ΓS(L2(R)).

\ E�K ¤ X 9T:®¨T:�KYX@9;H ¦ KMH@K ¤ H®ª;9;J ¦ HAGL>FE!S ¦ 9LJFªn9 ¦ ª;?#K;ª ¦§¤ KÞª ¨LJ;K ¤ J�¾�OÀ:"<L> ¦ ¹L½
K ¤ :@?#K;ª ¦§¤ KMHGL@HA¼DK�EF< ¦ >;<LH�­�J;º;JHN2GIHM_ ¦ > ¦ 9 ¤ 9^J�B¬K§HAK ¤ H®ªL9;J;¼��

ρb =
1

πM ′

∫
P
(
ξI(0,T )

)
e−|ξ|

2/M ′

d(Re ξ) d(Im ξ).

£ ¹ ¦ KdX M ′ ¢ ¹ ¦ ¼;K ¤ ?@J ¤A¦ KjXA9HJ ¼ <;:@>;:@¾ ¦§¤ >`O T ¢ <;>;H@JF­�?AH#KYX@9;H ¦ <LHcKTHqS J©½¤A¦ KjXA9LH ¦ ¨;JLK�KWH �j\ E K ¤ XHO ¤ :�GAS ¦ OFH@KMºLJAKHK;ª ¤ HA>D? 9;:¥¨T:�KYX@9^J�¼Á¾�H@¾ ¦ 9 ¤ ?A> ¦ ¾ ¦ ½
9LJ"9;:CB H�¹�J ¤ X@KÞª"?k9LHA>L¾ÀJL>;H@?�:�9;9LHA¾'GIHM_ ¦ > ¦ 9 ¤ 9;H@¾'KMH@K ¤ H®ª;9LJ;J ρ ����� = |r〉〈r| �² HM_â¹�:HO¥?MJ�>T:�S ¦ 9;J ¦ ¹^K;ª7> ¦ ¹;EFº;JL>;H@?�:�9;9LHA¼�¾·: ¤ >;J;ºHJ{<AKWH ¤ 9;H@K ¤ J�JL¾ ¦§¦§¤ ?AJI¹��

ρ ����� (t) =
1

1 +M
: exp

{
−
(
b† − r∗(t)−Q†(t)

)
(b− r(t)−Q(t))

1 +M

}
: ,

�§�



_â¹ ¦

Q(t) = iα

0∫

−t

eiΩτ−
g2

2
τa†(τ)a(τ) dτ, M =

∣∣∣∣∣
g (1− eiΩt− g2

2
t)

−iΩ + g2

2

∣∣∣∣∣

2

M ′,

r(t) = r∗e−iΩt−
g2

2
t + iα

t∫

0

eiΩτ−
g2

2
τf(τ) dτ.

u KLªba ¤ H@¼�S ¦ ­®:C¹�:¥¨;J=>T:C­®?@J;?A: ¦�¤ KÞª7¹W>FEA_§HA¼ç¾ ¦§¤ H�¹ � µ ¦ Z : ¦§¤ KÞª=K ¤ H�BI:@K ¤ JI½
¨ ¦ KMGIH ¦ ¹�J;«	« ¦ > ¦ 9;ºLJT:�KYX@9;H ¦ EF>T:�?A9 ¦ 9LJ ¦ ¹jKLªz¾·: ¤ >;J;ºHJ <AKWH ¤ 9;H@K ¤ JzHAK§º;JAKF½
KLª ¤ H@>T: �Az >T:�?@9 ¦ 9LJ ¦ ¹jKLª¬¾·: ¤ >;J;ºHJ�<"KWH ¤ 9LHAK ¤ JD­®:@<LJ^Z ¦ ¾ ?=?@J©¹ ¦ �
dρ(x1, x2)

=

(
− i
h
(H(x1)−H(x2))

+
λ

4
((x1 − a) + (x2 − a))2

)
ρ(x1, x2)dt

+

√
λ

2
((x1 − a) + (x2 − a))ρ(x1, x2)dQ

+
{
σb(x1)b(x2)ρ(x1, x2)

− σ

2
[b+(x1) b(x1) ρ(x1, x2) + b+(x2) b(x2) ρ(x1, x2)]

}
dt,

T ��� U

_â¹ ¦ H(x)
¢ _�:�¾�JAKjX ¤ H@9;J;:@9 ? GIHAH@>A¹�JL9T: ¤ 9LHA¾ <;> ¦ ¹WK ¤ :�?cK ¦ 9LJ;J`O b(x)J b+(x)

¢ ¹�JL«#« ¦ > ¦ 9Lº;J;:#KjXA9HJ ¦ HA< ¦ >;: ¤ HA>HJ�?@J©¹�:H�

b(x) =
1√
2

(
x+

d

dx

)
, b+(x) =

1√
2

(
x− d

dx

)
.

\ E�K ¤ Xz?R9;:¥¨T:�KYX@9^J�¼�¾�HA¾ ¦ 9 ¤ ?@> ¦ ¾ ¦ 9;J HAK§º;JAKHK;ª ¤ H@>�9T:¥BIH�¹WJ ¤ KÞª�?zH@K�½
9LHA?@9;H@¾ KMH@K ¤ H®ª;9LJ;J��

ρ0(x1, x2) =
1√
π

exp

(
−x

2
1

2
− x2

2

2

)
, T �@� U

:�¹ ¦ ¼LK ¤ ?AJ ¤�¦ KYX@9^J ¦ <T:�>T:�¾ ¦§¤ >^J λ J σ B©:�>T:�G ¤A¦ >LJF­§EAN ¤ K ¤A¦ < ¦ 9^X*?�­¥:�J;¾�H�¹ ¦ ¼©½
K ¤ ?@JFª H@KMºLJAK^KLª ¤ HA>;: K,H@G;>FE!S ¦ 9LJ ¦ ¾nJ K ¤A¦ < ¦ 9^X ¹WJ;KMK§J;<;:@ºLJ;JÁK§HAH ¤ ? ¦�¤ K ¤ ? ¦ 9I½
9LH � v <L>T:�? ¦ ¹jKWJL?�:çK�K ¦ ¹;EAN3Q�:�ª ¤A¦ H@> ¦ ¾À: �

� �



��[IUWdc[Ib*Q 	`I�ÇDI�
 ��üç���T��� Ì ÍL�GÏC�����W�"Ø Ð
����Ó~� ���#Þ;�M�W���YÜ�ó Ì �Õ����Ï����®ó Ð�����Ó
�"óú�M��� Ï��DÎ@�

ρ(x1, x2) =
N(t)√
π

exp

(
R1(t)

2
(x1 − x2)

2 + ip(t)x1

+
R2(t)

2

(
(x1 − q(t))2 − (x2 − q(t))2

)

− ip(t)x2 − r(t)(x1 − q(t))(x2 − q(t))
)
, T ��¡ U

×�Î�� �����HôGÏ@�§��� �jÜ3�
R1,2(t)

�
r(t)

���#ÎqÞF�T�AØYÙ �ç��Ø{�������ç�®óú� Ì ÍL�cÏ������W�jè 
 �Yß
àI��� � �





d

dt
R1(t) = −λ+ 2ΩR1(t)R2(t)−

σ

2
− σr(t)

+
1

2
σr(t)2 − σR1(t)−

1

2
σR2(t)

2,

d

dt
R2(t) = Ω + Ωr(t)2 + 2Ωr(t)R1(t) + ΩR2(t)

2 − σr(t)R2(t),

d

dt
r(t) = λ+ 2Ωr(t)R2(t)− σr(t)2 + σr(t),

� ����Þ;���W���jÜ?ó	� Ì �Õ����Ï��"ØAó	�
R1(0) = −1 á R2(0) = 0 á r(0) = 1

Ô��4�Õ�W�jÞF�jß
�jÜ

p(t)
�
q(t)

ØFÏM�AØYÙ �ç��ØÈô@�GÏ������"ó�Ü?ó	�~�Õ� Ì Þ;�#èT�YÜ�ó	�pÏ@�Õ�W�jÞF�W���¥ó	� á ÍF�@��ß
�cÍ��nÎ��Õ���Ê�W�jÜ�ó	�����"����Í!óú���T� ���Wó Ì ô@��à©�®� Ì ������ÎqÞF�W�"ØYÙ4é=�"ó	����Ø'�������ç�®óú�
Ì ÍF�GÏ������T�Yèö�

{
dp = Pdt+ ρ dQ,

dq = Edt+ η dQ,×�Î��
P = −Ωq − σ

2
p− F sin(wt), E = Ωp− σ

2
q,

ρ = −
√
λ

2

R2(t)

r(t)
, η =

√
λ

2

1

r(t)
.

Ë Í��dÎ���àI�����®�����W�W�����W���jÜ]è�ó	���¥ã��T� �Õ�T�
N(t)

ÍF�GÏ@��� √
r(t)

Ô
\ >LJz¹�H@K ¤ : ¤ HA¨L9;H.L@H#KYXGZ�JIB t O�? ¦ KWJL¨;J;9HJ R1,2

J r <L>;JL9;J;¾À:cN ¤ ­�9T:¥¨ ¦ ½
9LJFª`ODL#KWJ©­®GLJ ¦ GvK ¤ :@ºLJ;H@9T:�>;9HJ ¾ � ± a ¤ HA¾�K�K;EF¨;: ¦ O�? ¦ KWJL¨;JL9^J ρ J η ¾�HqS 9;H
K§¨;J ¤ : ¤ Xç<;H@K ¤ H®ª;9L9^J�¾ÀJ �

��Ã



l :�H@KM9;H@? ¦ <;H#K;EF¨ ¦ 9L9;HG_MH	> ¦ Z ¦ 9LJFª <;H@K ¤ >;H ¦ 9T:,> ¦ ¹;EFº;J;>LHA?A:�9;9T:Cªç¾À: ¤ >LJ©½
º;:=<AKWH ¤ 9;H@K ¤ J ¹jKLª¬KMH@K ¤ H®ª;9;J©ª¬HAK§º;J"K^K;ª ¤ H@>T:7¹jK;ª ¤ :@GLJ©B ­�9T:¥¨ ¦ 9LJ;¼ t �

ρa(x1, x2, t) =
N(t)√

1 + 2r(t)Dq(t)
exp

{
− B

2(1 + 2r(t)Dq(t))

}

_â¹ ¦

B = atx
2
1 + atx

2
2 + btx1 + btx2 + ctx1x2 + 2M 2

q (t)r(t),

at = − 2R1(t)Dq(t)r(t) + 2Dp(t)Dq(t)r(t)

+ R2(t)i+ 2R2(t)Dpq(t)−R1(t)− 2Dpq(t)
2r(t)

− 2ir(t)Dpq(t) +Dp(t)− r(t)2Dq(t) +R2(t)
2Dq(t),

bt = 4iDpq(t)Mq(t)r(t)− 4iDq(t)Mp(t)r(t)

− 2r(t)Mq(t)− 2iMp(t)− 2iR2(t)Mq(t),

ct = − 4R2(t)Dpq(t) + 4Dpq(t)
2r(t)− 2R2(t)

2Dq(t)

+ 2R1(t) + 2r2(t)Dq(t)− 4Dp(t)Dq(t)r(t)

+ 2r(t) + 4R1(t)Dq(t)r(t)− 2Dp(t).

± <;H@K�K ¦ ¹�9 ¦ ¾'?GJ >;:#S ¦ 9LJ;Jv? ¦ KWJL¨;J;9HJ Mq(t)
J Mp(t)

JL¾ ¦ N ¤ K§¾]J K�K K§> ¦ ¹;½
9LJ©B ­®9;:¥¨ ¦ 9;J;¼¬? ¦ KWJL¨;JL9 q(t) J p(t) O;>T:�KM<L> ¦ ¹ ¦ KT»M9;9HJ�Bw9LHA>L¾À:#KjXA9LH^�

Mp(t) = F

t∫

0

e−
σ
2
(t−τ) sin(w τ) cos(Ω(t− τ))dτ

=
2F

ω1

{
e(−σ t

2
) (Ω1 sin(Ω t)− Ω2 cos(Ω t))

+ Ω2 sin(w t)− (8w3 + 2w σ2 − 8wΩ2) cos(w t)
}
,

Mq(t) = F

t∫

0

e−
σ
2
(t−τ) sin(w τ) sin(Ω(t− τ))dτ

=
2F

ω1

{
e(−σ t

2
) (−Ω1 cos(Ω t)− Ω2 sin(Ω t))

+ Ω1 sin(w t)− 8 σ wΩ cos(w t)} ,
: Dp(t)

O Dq(t)
J Dpq(t)

¢ anK ¦ ¾ ¦ 9 ¤ J JIBi¾À: ¤ >LJ;ºHJ GIH@?A:@>LJT:�º;J;¼�O+GIH ¤ HA>HJ ¦

���



¤ :�GAS ¦ ?GJ�¨;J;K�K ¦ 9^Jqª;?@9;HH�

Dp(t) =

t∫

0

e−σ(t−τ)R2
−(t− τ)dτ

=
e(−σ t)

2ω2

(
−d1 sin(2 Ω t) + d2 cos(2 Ω t)− d3 − ρ2 σ2

)

+
d4 − 2 ρ η σΩ

ω2
,

Dq(t) =

t∫

0

e−σ(t−τ)R2
+(t− τ)dτ

=
e(−σ t)

2ω2

(
d1 sin(2 Ω t)− d2 cos(2 Ω t) + d3 − ρ2 σ2

)

+
d4 + 2 ρ η σΩ

ω2
,

Dpq(t) =

t∫

0

e−σ(t−τ)R−(t− τ)R+(t− τ)dτ

= σ
e(−σ t)

2ω2
( d2 sin(2 Ω t) + d1 cos(2 Ω t))

+ σ
ρ2 Ω− η2 Ω + ρ η σ

ω2
.

£ ¹ ¦ KdXç?@? ¦ ¹ ¦ 9HJ�HGLAH�­®9;:¥¨ ¦ 9;J©ª
R+(t) = ρ sin(Ωt) + η cos(Ωt), R−(t) = ρ cos(Ωt)− η sin(Ωt),

ω1 = (8wΩ)2 − (σ2 + 4w2 + 4 Ω2)2, ω2 = (σ2 + 4 Ω2)σ,

Ω1 = 2 Ω σ2 − 8w2 Ω + 8 Ω3, Ω2 = σ3 + 4 σΩ2 + 4 σ w2,

d1 = 2 η2 σΩ− 2 ρ2 σΩ− 2 ρ η σ2, d2 = ρ2 σ2 − 4 ρ η σΩ− η2 σ2,

d3 = 4 ρ2 Ω2 + η2 σ2 + 4 η2 Ω2, d4 = 2 η2 Ω2 + ρ2 σ2 + 2 ρ2 Ω2.w >LHA¾ ¦ú¤ HM_§H^O�9;:@¼I¹ ¦ 9^J E K�KWH@?AJ©ª > ¦ _§J;K ¤ >T:�º;JLJ"¾À:�KWH@¼vKMJAKjJ � ² :@G©:Cª¬­®:C½
¹�:¥¨T: ?@H�­®9;JLG©: ¦�¤ O�? ¨;:@K ¤ 9LHAK ¤ J�O�<;>LJv<;H@K ¤ >;H ¦ 9LJ;Jv¾À: ¤A¦ ¾À: ¤ JL¨ ¦ KMGIH@¼w¾ÀHM¹ ¦ KTJ
¹ ¦§¤A¦ G ¤ H@>T:�_§>T:�?AJ ¤ :�º;J;H@9;9HJ�BÁ?@HcKT9 �

� �



] >;d8[�>HB�[�¦�§MZ_Q�VW[ ­�9T:Cª ª;?A9HJ ¼�?@J©¹ç<;> ¦ ¹ ¦ KYX@9;HG_MH,>T:C­®> ¦ Z�:GNRQ ¦ _MH�HA< ¦ ½
>;: ¤ HA>;: ¹^K;ª EF>T:�?A9 ¦ 9LJFªiT � U�O�9;:CB H�¹�J ¤ KÞª7?MJ�>T:�S ¦ 9;J ¦ ¹^K;ª�¨T:�K ¤ J;¨L9;HG_MH�K�K ¦ ¹�:
<L>;H@JF­®?@H#KYX@9;HG_MHDH@< ¦ >;: ¤ H@>T: B ∈ H <;H KMH@K ¤ H®ª;9LJ^N H@G;>FE!S ¦ 9LJFª �Fu KLªi<L>;HC½
J©­®?@HcKjXA9LHM_§H GIHG_ ¦ > ¦ 9 ¤ 9LHM_§Hi? ¦ G ¤ HA>;: ψ(h) J©­ ES

ε
>;:@K§KM¾�H ¤ >LJ;¾2¨T:�K ¤ J;¨L9;H ¦

K§> ¦ ¹W9 ¦§¦ ?=«#H@GIHA?@KMGIH@¾ <L>;H@K ¤ >T:�9;K ¤ ? ¦ O;ªL?cKLª^N3Q ¦M¦ KÞª�a�K ¦ ¾ ¦ 9 ¤ HA¾ J©­ B(H) �
Pt(B) = (Utψ(h), B Utψ(h))ΓS .

��[IUWdc[Ib*Q��òI�	`I��RÌ �Yà��W�"Ø
Pt(B)

Ì ÎC�#ÏM������Ï@��Í^Ø���� Ì ÍF�GÏ������T�jÙ��ú�T�DÎ#ÚÇ���GÎ��
d

dt
Pt(B) = Pt(Lt(B)),

×Ê�����õÍF���ç��Í�àI�®�ç��Íö�#×Ê� �Aóú�§��� Ï��DÎ Lt(B) = R̂∗tBR̂t −W ∗
t B −BWt á ×�ÎC�

R̂t = (eiK − 1)(iK)−1R + eiKh(t),

Wt = i
(
H0 + (sinK −K)K−2

)
− 1

2
R̂∗t R̂t.

�7Z_QY§@U�`ÀQ�d�C/UDEM>LaVI ° ? ¤ HA>~?GJ >;:#S=: ¦�¤ LcKW:G_§H�¹�:�>;9LHAK ¤ XiK§?AH ¦ ¾/E{9;:�EF¨;9LHA¾/E
>©EFGIHA?@H�¹�J ¤�¦ KYN <L>;H@« ¦ K§KMH@>FE ° � Â ��y,¦ L@H ¤ :�>;»§?�E ­¥:^<;H@¾�HMQ;X{?~>;:GL@H ¤�¦ J
<LHcK ¦ ­®9HJ ¦ HGLAK�E!S=¹ ¦ 9LJFª �

�  15.6V:;/  "!9%$#751/9(-�151 

Ä � Å µ J�S=:@GIH@?îx � ± � O v J;9L»M? ° � Â �&% ÏM�W�AØT�W�T�Y�ýÍ��nÎ¥���d×Ê��ÞF���Õ���iä3�®� �®���#Ï
����Í���ô@�¥���������jÜ]èfà!Ï@���T�ç�#Ï#Ü]è{�cÍ��dÎC�Õ�¾Î§�"Øn�T�T� �ýÍHä·�õÍö���T�W���®�W���qèp× ÍF�#ß
Ï��W�ç���W���®�W����èq���T�ç���T�YÜ á l :MEF¨;9T:Cª'GIH@9;« ¦ > ¦ 9;ºLJFª £ r#H@¾ÀH@9;H@KMH@?@KMG;J ¦
¨ ¤A¦ 9;J©ª©½ ¡��@�A� ¯ �

Ä ¡ Å µ J�S=:@GIH@? x � ± �'��Ü�Ï@�#Î�à!Ï@���T�ç�#Ï��#×Ê�����ç�nÝ��@���=�jÞ;�§��àI�#×Ê� Ì ÍL�cÏ������W�"Ø�Î��AØ
óú�#ÎC�Õ�W���T�T� �ýÍHä·�õÍö���T�W���®�W����×��pÎ���� ��à�� ��ÍF�¢× ÍF�GÏ��T�ç���W���¥�T�YÜ?Ý Ï@�Ç�W� ál :MEF¨;9T:CªÁGIHA9L« ¦ > ¦ 9;ºLJFª £ r#HA¾�H@9;H@KMH@?�½ ¡@�@�L� ¯ �

Ä }�Å y*¦ LAH ¤ :�>;»§? ° � Â � O y EF>;GLJ;9 ° � ± � O µ J8Sç:�GIH@?*x � ± � O v J;9;»§? ° � Â �(%eÍ���ß
ô@�¥�����������Wó à!Ï@���T�ç�#Ï@��ó �GÍö�dÎC�Õ���-Î��AØ �W�T�ç�õÍAä3�õÍö���T�W���®�T���qè�× ÍF�GÏ��T�ç�#ß
�W���®�W���qè^���T�ç���T�YÜ á ± ¦ K ¤ 9LJ;G Â x z OöK ¦ >LJFª } � ¸ J©­®J;G©: � ° K ¤ >;H@9;H@¾ÀJ©ª �É O ¡@�@�;� O;K ¤ > � }M}*)A} ÃF�

� �



Ä � Å,+&-/.1032'465879.;:=< �?>R� OA@CB -/2ED/79FHGJI=< ��K � O?LNMHO -P58F82*:RQ ��K � OTS GJI/.�:U< �C>Y�
V W1X8Y[Z'\�]^YJ_a`bX*c�_�YdX�eUf'gh\iZ*jlkm\'knjoXip�\8Yrqs\'Z8_tc�_�k�_ � kuX'gv\ipwcxklyz_{W;km\ip�c�\ig;k
|^} \ip3k } ` Y~j�`�jlk á L D/�h� ���F��> 5�46- �3� - M � � Ç"û O ¡ O � } � ) ���W� T ¡@�@� } U

Ä ��Å,+&-/.1032'465879.;: < ��>Y� O�LNMHO -P58F82*: Q ��K ��� p k�yP_ ��k�g6XipHf ��_�W1X8Y[Z8_;p3k
� XipzZ8_;g�f�_;p � _"X�ebk�yP_d� � y�g(�X�cij�pHf�_;gd�sZ'X'Y } knjoXip�kmX{� } \'p�k } ` �3kmX � y/\�W;knj � W á> 5�46-P.^��5i46G B 5E�(��2i46.1����� O � �z�/� �F�©��� ) � }G} T ¡��A� } U

Ä Ã Å y*¦ LAH ¤ :�>;»§? ° � Â � O µ J�S=:@GIH@? x � ± � % ���ç�dÝW�@��� �jÞ;�M��à �AÝ Ì ÍF�GÏ������T�Yß
ØHÝ á ØFÏ��"ØYÙ4é=�"ó	����ØÁ���©�W���jÜ?ó	�-Í��Wô@�Þ�W�!Ï@���T� �YÜ�ó	�k�GÍö�dÎC�Õ���¥ó	� Ì ÍF�GÏ�����ß
�W�jèiþÿÍ��nÎ®�T�F×Ê�õÍF� á l :�EF¨;9;:�ª GIH@9;« ¦ > ¦ 9;º;J©ª £ r#H@¾�HA9LHAK§HA?@KMGLJ ¦ ¨ ¤�¦ 9;J©ª©½¡@�@��� ¯ �

Ä � Å µ J�S=:@GIH@? x � ± ��¡ú���Aó	�T�ç�¥� �jÞ;�M��à�����Í���üç���T�AØ à!Ï@���T�ç�#Ï��#×Ê�{���ç�nÝ��#ß
��� �YÞL�M��àI��×�� Ì ÍF�GÏ������T�"Ø¢�#� Ì Ï��©���AØ�Î��AØ"�����W�F���AØT� ��ÍF�ç� Ì Þz�Ê�ç�Wó Î¥����ß
���T�����W�T� á L D/�h� ���F� 28£ > 5�46- ��� - M � � O Ç/	 O } O � � }M� Ã T ¡��A� � U �

Ä ��Å µ J�S=:@GIH@?'x � ± �/¤ �WÍDàI�#Ï@��àI���4�cÍ��DÚÇ�W�^ã����T�AØ�Î��AØ�ÞL�@��� �jÞF����×��ú�ýÍ��nÎ¥����ß
×��4��Ú�ÍF��� �"óú��è¥�cÏ@�Ç�jÙ �W�W��Ï4�GÍö�¥�AôGÏ@�nÎ����W�T��Ï@��à�� ��Í��jÜ?Ý �cÍ��C���RÍF��������Ï Ou7¦ ?�ª ¤ 9;:C¹WºT: ¤ J ¦ ¾ ¦ S=¹TEF9;:@>LH�¹�9HJ ¦ <AK ¦ BI:@9LHA?@KMGLJ ¦ ¨ ¤A¦ 9LJFª`O ¤A¦ ­®JLKdJn¹WH�½
GAK�:¥¹�H@? � T ¡@�@�@Ã U

Ä � Å µ J�S=:@GIH@?�x � ± � 
 �Wô@�Ç�W�!Ï@���W� �jÜ·�*�GÍö�dÎC�Õ�YÜ¤à!Ï@���T�ç�#Ï���è¦�cÏ@�Þ�YÙ �W�W� �®��ß
àdÍDÜ��bÜ?Ý �������ç�®ó O Â : ¤�¦ ¾ � ­¥:�¾ ¦§¤ G;J`O�T ¡@�@�AÃ U�O ñYû O } � K �L�"��Ã ) � � �F�

¡@�


