
�¥áâ­¨ª �®áª®¢áª®£® ã­¨¢¥àá¨â¥â . �¥à¨ï 3. �¨§¨ª . �áâà®­®¬¨ï. 1997. ü 6 17��� 519.6 ����� L-������ ������ ���� ��������������������������� �������. �. �¥®­®¢�) , �. �. �£®« (ª ä¥¤à  ¬ â¥¬ â¨ª¨)�®ª § ­®, çâ® ¢ë¡®à ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ ¢ ¬¥â®¤¥ �¨å®­®¢  ¯® úá¯®á®¡ã L-ªà¨¢®©û ¯®à®¦-¤ ¥â ­¥ãáâà ­¨¬ãî á¨áâ¥¬ â¨ç¥áªãî ®è¨¡ªã ¯à¨ à¥è¥­¨¨ «î¡®© á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨åãà ¢­¥­¨©.1. �à¨ ®¡à ¡®âª¥ ¨  ­ «¨§¥ à¥§ã«ìâ â®¢ ¬­®£¨å ä¨-§¨ç¥áª¨å íªá¯¥à¨¬¥­â®¢ ¢®§­¨ª ¥â ­¥®¡å®¤¨¬®áâì à¥-è¥­¨ï ¢ëà®¦¤¥­­ëå ¨«¨ ¯«®å® ®¡ãá«®¢«¥­­ëå á¨áâ¥¬«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© á ¯à¨¡«¨¦¥­­® § -¤ ­­®© à áè¨à¥­­®© ¬ âà¨æ¥©. �¨¯¨ç­ ï ¯®áâ ­®¢ª § ¤ ç¨ ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤. �ãáâì â®ç­ ï á¨áâ¥¬ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¯à¥¤áâ ¢«¥­  ¢¬ âà¨ç­®© ä®à¬¥Az = u; z 2 Rn; u 2 Rm; (1)£¤¥ ¬ âà¨æ  á¨áâ¥¬ë A ¤¥©áâ¢¨â¥«ì­  ¨ ¨¬¥¥â à §¬¥àm�n, A 6= 0, ¨ áç¨â ¥âáï, çâ® ATu 6= 0. �®£¤  á¨áâ¥¬  (1)¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ­®à¬ «ì­®¥ ¯á¥¢¤®à¥è¥­¨¥ z 6= 0,ª®â®à®¥ ¨ ¯®¤«¥¦¨â ®âëáª ­¨î. �«ï íâ®£® ¢ ­ è¥¬ à á-¯®àï¦¥­¨¨ ¢¬¥áâ® ­¥¨§¢¥áâ­ëå â®ç­ëå ¤ ­­ëå (A; u)§ ¤ ç¨ ¨¬¥îâáï ¨å ¯à¨¡«¨¦¥­­ë¥ à¥ «¨§ æ¨¨ (Ah; u�)¨ ®æ¥­ª¨ ¯®£à¥è­®áâ¥© h ¨ � íâ¨å ¯à¨¡«¨¦¥­¨© â ª¨¥,çâ® jjA � Ahjj 6 h; jju � u�jj 6 �. �®à¬ë ¢ Rn; Rmáç¨â îâáï ¥¢ª«¨¤®¢ë¬¨,   ¬ âà¨ç­ ï ­®à¬  | á¯¥ª-âà «ì­®©. �à¥¡ã¥âáï, ¨á¯®«ì§ãï ¤ ­­ë¥ (Ah; u�; h; �),¯®áâà®¨âì ãáâ®©ç¨¢®¥ ¯à¨¡«¨¦¥­¨¥ z� 2 Rn, � = (h; �),ª ­®à¬ «ì­®¬ã ¯á¥¢¤®à¥è¥­¨î á¨áâ¥¬ë (1): jjz��zjj ! 0¯à¨ �! 0.�®à®è® ¨§¢¥áâ¥­ ¯®¤å®¤ ª à¥è¥­¨î â ª®© § ¤ ç¨,®á­®¢ ­­ë© ­  ¬¥â®¤¥ à¥£ã«ïà¨§ æ¨¨ �¨å®­®¢  [1].� â¨å®­®¢áª®© áå¥¬¥ ­ å®¤¨âáï á¥¬¥©áâ¢® í«¥¬¥­â®¢z� = (�E +AThAh)�1AThu�; (2)§ ¢¨áïé¥¥ ®â ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ � > 0. �â®â¯ à ¬¥âà ¢ë¡¨à ¥âáï á¯¥æ¨ «ì­ë¬ ®¡à §®¬ ¯® ¯à¨-¡«¨¦¥­­ë¬ ¤ ­­ë¬ § ¤ ç¨: � = �� = �(�;Ah; u�),¨ ¢ ª ç¥áâ¢¥ ¨áª®¬®£® ¯à¨¡«¨¦¥­¨ï ª z ¯à¨­¨¬ ¥âáïí«¥¬¥­â z� = z�� . �®£¤  ¯à¨ ­ ¤«¥¦ é¥¬ ¢ë¡®à¥ ��®ª §ë¢ ¥âáï, çâ® jjz��zjj ! 0 ¯à¨ � ! 0. �¯®á®¡ë ¢ë¡®-à  ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ å®à®è® ¨áá«¥¤®¢ ­ë [2, 3].2. � à ¡®â å [4{6] ¡ë« ¯à¥¤«®¦¥­ ­®¢ë© úí¢à¨áâ¨-ç¥áª¨©û á¯®á®¡ ¢ë¡®à , ­ §¢ ­­ë© ¬¥â®¤®¬ L-ªà¨¢®©.�­ § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. �¢®¤ïâáï å®à®è® ¨§¢¥áâ-­ë¥ ¢ â¥®à¨¨ à¥£ã«ïà¨§ æ¨¨ (á¬. [1{3]) ¢á¯®¬®£ â¥«ì-­ë¥ äã­ªæ¨¨�(�) = jjAhz� � u�jj2; 
(�) = jjz�jj2

¨ á ¨å ¯®¬®éìî ®¯à¥¤¥«ï¥âáï â ª ­ §ë¢ ¥¬ ï L-ªà¨¢ ï,ª®â®à ï ¢ ®¤­®¬ ¨§ ¢ à¨ ­â®¢ ¬¥â®¤  § ¤ ¥âáï ¯ à ¬¥â-à¨ç¥áª¨ ­  ¯«®áª®áâ¨ (�; 
) â ª:L = f(�(�); 
(�)) : � > 0g:� ª ç¥áâ¢¥ ¨áª®¬®£® ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ ¢ë¡¨-à ¥âáï â®çª  ¬ ªá¨¬ «ì­®© ªà¨¢¨§­ë � = �L(Ah; u�)íâ®© L-ªà¨¢®©. � ª¨¬ ®¡à §®¬, �L ï¢­® ­¥ § ¢¨á¨â ®â¯®£à¥è­®áâ¥© � = (h; �) ¤ ­­ëå § ¤ ç¨. �ï¤ ç¨á«¥­­ëåíªá¯¥à¨¬¥­â®¢ (á¬. [5, 6]) ¤ « ®á­®¢ ­¨¥  ¢â®àã ¬¥â®¤ L-ªà¨¢®© § ï¢¨âì, çâ® ¨¬ á®§¤ ­ ãáâ®©ç¨¢ë© ¬¥â®¤ à¥-è¥­¨ï ­¥ª®àà¥ªâ­ëå § ¤ ç «¨­¥©­®©  «£¥¡àë, ª®â®àë©­¥ ¨á¯®«ì§ã¥â ®æ¥­®ª ¯®£à¥è­®áâ¥© ¤ ­­ëå § ¤ ç¨. �®-íâ®¬ã, ¯® ¥£® ¬­¥­¨î, íâ®â ¬¥â®¤ ¬®¦­® ¨á¯®«ì§®¢ âì ¢ãá«®¢¨ïå, ª®£¤  ¢¥«¨ç¨­ë h ¨ � ­¥¨§¢¥áâ­ë ¨«¨ ®æ¥­¥­ë®ç¥­ì £àã¡®.� à ¡®â¥ [7] ¬¥â®¤ L-ªà¨¢®© ¡ë« ¯®¤¢¥à£­ãâ  ­ -«¨§ã. � ¬ ¯®ª § ­®, çâ® á®§¤ ­¨¥ ãáâ®©ç¨¢®£® ¬¥â®¤ à¥è¥­¨ï ­¥ª®àà¥ªâ­®© (­¥ãáâ®©ç¨¢®©) § ¤ ç¨ ¡¥§ §­ -­¨ï ¢¥«¨ç¨­ h ¨ � ­¥¢®§¬®¦­®. � ¬ ¦¥ ¯à¨¢¥¤¥­ ¯à®á-â¥©è¨© ¯à¨¬¥à ª®àà¥ªâ­®© § ¤ ç¨ (®¤­® ãà ¢­¥­¨¥ á®¤­¨¬ ­¥¨§¢¥áâ­ë¬), ¤«ï ª®â®à®© ¬¥â®¤ L-ªà¨¢®© ¯à¨«î¡ëå ¯®£à¥è­®áâïå h ¨ � ¤ ­­ëå ­¥ ¤ ¥â ãáâ®©ç¨¢®£®¯à¨¡«¨¦¥­¨ï ª â®ç­®¬ã à¥è¥­¨î. �  á ¬®¬ ¤¥«¥,ª ª ¡ã¤¥â ¯®ª § ­® ­¨¦¥, ¤¥«® ®¡áâ®¨â £®à §¤® åã¦¥.� ¨¬¥­­®: ®ª §ë¢ ¥âáï, çâ® à áá¬ âà¨¢ ¥¬ë© ¢ à¨ ­â¬¥â®¤  L-ªà¨¢®© ¢á¥£¤  (â.¥. ¤«ï «î¡®© á¨áâ¥¬ë (1),­¥¢ ¦­®, ª®àà¥ªâ­®© ¨«¨ ­¥â) ¤ ¥â ­¥ãáâà ­¨¬ãî á¨á-â¥¬ â¨ç¥áªãî ®è¨¡ªã. �â® §­ ç¨â, çâ® ¯®«ãç ¥¬ë¥ á¥£® ¯®¬®éìî ú¯à¨¡«¨¦¥­­ë¥û à¥è¥­¨ï ¢ ¯à¨­æ¨¯¥­¥ ¬®£ãâ áå®¤¨âìáï ª ¨áª®¬®¬ã â®ç­®¬ã à¥è¥­¨î z§ ¤ ç¨ (1) ¯à¨ h; � ! 0. �ª®«ì ¡ë â®ç­ë¥ ¤ ­­ë¥§ ¤ ç¨ (1) ¬ë ­¨ ¨á¯®«ì§®¢ «¨, ¬¥â®¤ L-ªà¨¢®© ¤ ¥ââ ª®¥ ú¯à¨¡«¨¦¥­¨¥û z�L , ª®â®à®¥ ®â«¨ç ¥âáï ®â z­¥ ¬¥­¥¥ ç¥¬ ­  ä¨ªá¨à®¢ ­­ãî ¢¥«¨ç¨­ã �sist > 0.�®á«¥¤­ïï ­¥ § ¢¨á¨â ®â h; � ¨ ®¯à¥¤¥«ï¥âáï «¨èìâ®ç­ë¬¨ ¤ ­­ë¬¨ (A; u) § ¤ ç¨ (1). �á¥ íâ® áâ ¢¨â ¯®¤á®¬­¥­¨¥ ¯à¨£®¤­®áâì ¬¥â®¤  L-ªà¨¢®© ¤«ï à¥è¥­¨ïª ª¨å-«¨¡® á¨áâ¥¬ â¨¯  (1).3. �¥à¥©¤¥¬ ª ®¡®á­®¢ ­¨î áª § ­­®£®. �¢¥¤¥¬á¨­£ã«ïà­ë¥ à §«®¦¥­¨ï [8] ¬ âà¨æ A ¨ Ah : A == URV T ; Ah = UhRhV Th . �¤¥áì U , V , Uh, Vh |®àâ®£®­ «ì­ë¥ ¬ âà¨æë; dimU = dimUh = m � m;�) ����.



18 �¥áâ­¨ª �®áª®¢áª®£® ã­¨¢¥àá¨â¥â . �¥à¨ï 3. �¨§¨ª . �áâà®­®¬¨ï. 1997. ü 6dimV = dimVh = n � n; R = diag(�1; : : : ; �M );Rh = diag(�1(h); : : : ; �M (h)) | ¯àï¬®ã£®«ì­ë¥ ¤¨ £®-­ «ì­ë¥ ¬ âà¨æë à §¬¥à  m�n, á®¤¥à¦ é¨¥ á¨­£ã«ïà-­ë¥ ç¨á«  �1 > : : : > �M > 0; �1(h) > : : : > �M (h) > 0¬ âà¨æ A ¨ Ahá®®â¢¥âáâ¢¥­­®; M � min(m;n). �§¢¥áâ-­ë á«¥¤ãîé¨¥ ä ªâë.� ¥ ¬ ¬   1 (á¬. [3]). �¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ z� = Vh(�E + RThRh)�1RThUTh u�;
(�) = jjz�jj2 = jj(�E +RThRh)�1RTh �(�)jj2 == MXi=1 �2i (h)�2i (�)[�+ �2i (h)]2 ;£¤¥ �(�) = (�1(�); : : : ; �m(�))T = UTh u�.�â¬¥â¨¬ â ª¦¥ ¢ë¯®«­¥­¨¥ ¯à¨ h; � ! 0 á®®â­®è¥-­¨© jjAhjj = �1(h) ! �1 = jjAjj;����AThu�����2 = MPi=1 �21(h)�2i (�) ! ������ATu������2 6= 0:� ¥ ¬ ¬   2 (á¬. [2, 3]). �«ï «î¡®£® � > 0á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® 
(�) = [�
(�) + �(�)]0, ¨ ¯®â®¬ã�0(�) = ��
0(�).�§ «¥¬¬ë 2 «¥£ª® ­ ©â¨, çâ®d
d� = � 1�; d2
d�2 = � 1�3
0(�) :�â® ¢ á¢®î ®ç¥à¥¤ì ¯®§¢®«ï¥â ¢ëç¨á«¨âì ªà¨¢¨§­ã k(�)¤«ï L-ªà¨¢®© ª ª äã­ªæ¨î ¯ à ¬¥âà  � > 0:k(�) = ����d2
d�2 ���� � "1 + �d
d��2#3=2 == 1.hj
0(�)j �1 + �2�3=2i � 1=w(�):�®íâ®¬ã ¢ëç¨á«¥­¨¥ â®çª¨ ¬ ªá¨¬ «ì­®© ªà¨¢¨§­ëL-ªà¨¢®© á®®â¢¥âáâ¢ã¥â ­ å®¦¤¥­¨î £«®¡ «ì­®£® ¬¨-­¨¬ã¬  äã­ªæ¨¨ w(�) ¯à¨ �! 0. �§ «¥¬¬ë 1 ¯®«ãç¨¬ï¢­®¥ ¢ëà ¦¥­¨¥ ¤«ï w(�) ¨ ¥¥ ¯à®¨§¢®¤­®©:w(�) = 2 �1 + �2�3=2 MXi=1 �2i (h)�2i (�)[�+ �2i (h)]3 ;w0(�) = 6 �1 + �2�1=2(� MXi=1 �2i (h)�2i (�)[�+ �2i (h)]3�� (1 + �2) MXi=1 �2i (h)�2i (�)[�+ �2i (h)]4) : (3)�âáî¤  á«¥¤ã¥â� ¥ ® à ¥ ¬   1 . �ã­ªæ¨ï w(�) ¤®áâ¨£ ¥â á¢®¥£®£«®¡ «ì­®£® ¬¨­¨¬ã¬  ¢ ­¥ª®â®à®© â®çª¥ �L, «¥¦ é¥©­  ®âà¥§ª¥ [�min(�); �max(�)], £¤¥ �min(�) = �1(h) == jjAhjj�2; �max(�) = 2max� jjAhjj2�x0; jjAThu�jj2��jjAhAThu�jj2	, ç¨á«® x0 | ¯®«®¦¨â¥«ì­ë© ª®à¥­ì ãà ¢-­¥­¨ï 1� 3; 5x = (1 + x)�4.

� ® ª   §   â ¥ « ì á â ¢ ® . �§ (3) á ãç¥â®¬ ­¥à ¢¥­áâ¢ �1(h) > �i(h) ¯®«ãç¨¬w0(�) 6 6(1 + �2)1=2 MXi=1 �2i (h)�2i (�)[�+ �2i (h)]3����� (1 + �)2�+ �21(h)� :�®íâ®¬ã w0(�) 6 0 ¯à¨ 0 < � < �min(�) = ��21 (h). � «¥¥,¯ãáâì � > �max(�). �¢¥¤¥¬ ¢¥«¨ç¨­ë xi = �2i (h)=�.�«ï ­¨å ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  xi < �21(h)=�max(�) == jjAhjj2=�max(�) 6 x0=2 ¨, ª ª á«¥¤áâ¢¨¥, ®æ¥­ª¨: 1=(1++xi)3 > 1 � 3x; 1=(1 + xi)4 < 1 � 3; 5xi. �®íâ®¬ã ¨§ (3)¯à¨ � > �max(�) ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®w0(�) > 1�2( MXi=1 �2i (h)�2i (�)[1 + xi]3 �� 1 + �2�2 MXi=1 �2i (h)�2i (�)[1 + xi]4 ) >>��2(Xi �2i (h)�2i (�)(1 � 3xi)�� (1 + ��2)Xi �2i (h)�2i (�)(1� 3; 5xi)) >>��4(�2 Xi �4i (h)�2i (�)�Xi �2i (h)�2i (�)) == 0; 5��4�� ����AhAThu�����2 � 2 ����ATh u�����2� > 0:� ª¨¬ ®¡à §®¬, ¤à®¡­®-à æ¨®­ «ì­ ï äã­ªæ¨ï w0(�)¨¬¥¥â ­  ®âà¥§ª¥ [�min(�); �max(�)] ª®­¥ç­®¥ ç¨á«® ­ã-«¥©, ¨ ¯® ªà ©­¥© ¬¥à¥ ®¤¨­ ¨§ ­¨å à¥ «¨§ã¥â £«®¡ «ì-­ë© ¬¨­¨¬ã¬ äã­ªæ¨¨ w(�).�¥®à¥¬  1 £ à ­â¨àã¥â áãé¥áâ¢®¢ ­¨¥ ¯ à ¬¥âà �L, ¢ë¡¨à ¥¬®£® ¯® ¬¥â®¤ã L-ªà¨¢®©. �¤­ ª® £« ¢­®¥á«¥¤áâ¢¨¥ íâ®© â¥®à¥¬ë ¢ë£«ï¤¨â â ª.� « ¥ ¤ á â ¢ ¨ ¥ . �¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï�min 6 lim�!0�L(�) 6 lim�!0�L(�) 6 �max;£¤¥ �min = ��21 = jjAjj�2; �max = 2max� jjAjj2�x0;jjATujj2.jjAATujj2o.�¥¬ á ¬ë¬ ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨, ¢ë¡¨à ¥¬ë©¯® á¯®á®¡ã L-ªà¨¢®©, ­¥ ¬®¦¥â áå®¤¨âìáï ª ­ã«î ¯à¨h; � ! 0. �â® ­ àãè ¥â ¨§¢¥áâ­®¥ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥(á¬. [9]) áå®¤¨¬®áâ¨ â¨å®­®¢áª®£® à¥£ã«ïà¨§ãîé¥£® «£®à¨â¬ . �®«¥¥ â®£®, á¯à ¢¥¤«¨¢ � ¥ ® à ¥ ¬   2 . �ãáâì �L = �L(�) | ª ª ï-«¨¡®â®çª , à¥ «¨§ãîé ï ¬ ªá¨¬ã¬ ªà¨¢¨§­ë L-ªà¨¢®© ¤«ï¤ ­­ëå (Ah; u�). �®£¤ �sist � lim�!0 jjz�L(�) � zjjjjzjj > �min�min+ jjAjj2 = 11 + jjAjj4 � ";â.¥. ¬¥â®¤ L-ªà¨¢®© ¨¬¥¥â ®â­®á¨â¥«ì­ãî á¨áâ¥¬ â¨-ç¥áªãî ®è¨¡ªã, ­¥ ¬¥­ìèãî, ç¥¬ ãª § ­­®¥ ç¨á«® " > 0.



�¥áâ­¨ª �®áª®¢áª®£® ã­¨¢¥àá¨â¥â . �¥à¨ï 3. �¨§¨ª . �áâà®­®¬¨ï. 1997. ü6 19� ® ª   §   â ¥ « ì á â ¢ ® . �§ á«¥¤áâ¢¨ï â¥®à¥¬ë 1ïá­®, çâ® ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢® f�L(�)g ¨¬¥¥â ¯®ªà ©­¥© ¬¥à¥ ®¤­ã ¯à¥¤¥«ì­ãî â®çªã ¯à¨ � ! 0.�â® §­ ç¨â, çâ® ¤«ï ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâ¨f�Ng ! 0 á®®â¢¥âáâ¢ãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì ¯ à -¬¥âà®¢ à¥£ã«ïà¨§ æ¨¨ f�Ng = f�L(�N )g áå®¤¨âáï ª­¥ª®â®à®¬ã ¯à¥¤¥«ã e�; e� > �min. �®£¤  ¨§ à ¢¥­áâ¢  (2)á � = �N ¯à¨ ¯®¬®é¨ áâ ­¤ àâ­®© â¥å­¨ª¨ ¤®ª -§ â¥«ìáâ¢  (á¬. [3, á. 222; 8, á. 192]) ¬®¦­® ¯®«ãç¨âìáå®¤¨¬®áâìz�N Rn�! ez =�e�E +ATA��1ATu ==V �e�E + RTR��1RTRV T z:�®íâ®¬ãlimN!1jjz�N� zjj2= jjez � zjj2 == ������V h�e�E + RTR��1RTR� EiV T z������2 >> e�2 �������e�E +RTR��1 V T z������2 >> e�2(e�+ �21)2 ����V T z����2 > �2min(�min+ �21)2 jjzjj2:�­ «®£¨ç­®¥ á®®â­®è¥­¨¥ á¯à ¢¥¤«¨¢® ¨ ¤«ï «î¡®©¤àã£®© áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì­®áâ¨ f�L(�N )g, ¢ë-¡à ­­®© ¨§ á¥¬¥©áâ¢  f�L(�)g; � ! 0. �â® ¨ ¤®ª §ë¢ ¥ââ¥®à¥¬ã.4. � § ª«îç¥­¨¥ à áá¬®âà¨¬ ¯à¨¬¥à, ¨««îáâà¨àã-îé¨© à¥§ã«ìâ â â¥®à¥¬ë 2. �ãáâì A = diag(1; 0);Ah = diag(1; h) (0 < h < 1) ¨ u = u� = (1; 1)T . �®£¤ ,ª ª «¥£ª® ¢ëç¨á«¨âì, z = (1; 0)T . �«ï ¤ ­­®£® ¯à¨¬¥à ¬®¦­® ­ ©â¨, çâ®w(�) = 2 �1 + �2�3=2( 1(1 + �)3 + h2(�+ h2)3) ;
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