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naacHus ajist P -IIOJIIPU30BAHHOTO U3JTYyUCHUS. Kak BU/I-
HO U3 pUCYHKA, ITPU YBCIUYCHUHA ):[GCI)OpMaI_[I/II/I U yMCHb-
MMCHUU yrjla NagcHUusl pe3yabTaThbl CHUJILHCC 3aBUCAT OT
PACIIONIOXKCHHA YaCTHUIBI 110 OTHOHMICHHUIO K IINTOCKOCTH
naacHus.
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O BA3BUCBH OCTHU CUCTEMbI KOBb EBbIX BEKTOBOB
BAIMOBOJIb OBOJIA

A. H. Horomo0os, A. JI. Jeunpia, M. 1. Manbix, A. I'. Ceeinnukosn

(ragpedpa mamemamuxu)

HpOBO)lHTCSI 000cHOBaHHe OA3UCHOCTH CHCTEMbI KOPHEBBIX BCKTOPOB LHUWJIMHAPUYECKOrO BOJHOBOAA
Kpyrosoro ccucnus ¢ pajuaJlbHbIM JUYICKTPUYICCKUM 3anQJIHCHUEM. Z[oxa3aHHOe CBOHCTBO NO3BOJISIET
000CHOBATD NpUMEHCHUE METOAA HOPMAJILHBIX BOJIH K 3a/a4e Bo36y)m1emm BOJIHOBOJA.

IMonHOTAa CHUCTEMBI KOPHEBBIX BEKTOPOB BOJHOBOA
paccMaTpHBaiack B padorax [1] u [2], 0AHAKO BOMPOCHL
0a3UCHOCTU U3YYACMBIX CUCTEM B HHUX HE OOCYXKIJIHUCE.
B pabGotax [3, 4] ycraHOBJIcHA MOJHOTA CUCTEMBI KOD-
HCBBEIX BCKTOPOB BOJHOBOJAA IS JOCTATOYHO OOIIETO
BU/IA TUIACKTPUUCCKON U MATHUTHONH MPOHUIIAEMOCTH.
B nacrosmieil pabote, KoTopas mpoaoKaet Temy [3, 4],
MOKA3BIBACTCS, UYTO IUWIUHAPUUCCKHI BOJHOBOM C pa-
JUATBHON UAACKTPUICCKON OPOHUIIACMOCTBIO SIBJISCT-
¢S MPHUMEPOM TAKOrO, Y KOTOPOrO CHUCTEMa KOPHCBEIX
BCKTOPOB HE TOJIBKO MOJHA, HO U oOpa3syer Oasuc co
CKOOKaMH.

1. HocranoBka 3anauu

ITycth momepeuHoe ceucHue () BOTHOBOMA ¢CTh KPYT
eMUHUYHOTO paauyca. TToMeCTHM B HEKOTOPYIO TOUKY
Ha OCH IHJIHHJIpa HAYAJI0 KOOPAWHAT IWTHHAPUICCKOM
CHCTEMBI KOOpPAHMHAT, ocb Oz HaNpaBUM IO OCH IH-
nuHapa. TTycTh BONMHOBOJ 3amOJIHEH BEINECTBOM € Ky-
COYHO-HETIPEPBIBHON TUANEKTPUUCSCKON TMPOHHITAEMOC-
TBIO £(7, ¢, z) = €(r), 3HAUEHUS KOTOPOH JeKaT MeXIy
KOHCTAHTAMHU €1 U €5 > 0, 1 ¢ MATHUTHOW IPOHHUIIAE-
MOcTbIO p(r, ¢, z) = 1. IlycTh CTEHKH BOTHOBOJA H[E-
a7TbHO TPOBOJIAIIHE.

IlymeM nckath penieHus ypaBHeHH MakcBesia B BU-
7ie HOpPMAILHEIX BoMH E, H ~ exp~*itvz+in¢  Cycre-
Ma ypaBHeHHI MakcBesuia BKIIOUaeT BOCEMb YPABHEHUI
JUISL TIICCTH HECUBBECTHEIX, MO3ITOMY CJEAYET BHIOPATH U3
VpaBHCHUM IIECTh OCHOBHBIX. B HailieM ciaydae yaoOHO
BBEIOPATE CJICAYIONIHUE:
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rae X € V. MHoxecrBo V omnpenensercd Kak MHOXe-

CTBO BEKTOPOB, mpuHaiexanmx C* [0, 1], yrosiaerso-

PSIONTMX TPAHHUYHBIM YCTOBHSIM
X1(1)=0 u X3(1)=0, |X(0)]<oo

" HC IPUBCACHHOMY BLIIIC YPABHCHUIO Makceenia:

, 10 1,
—2k6X3 = ;E (TXQ) - ;anl,
T.C 10 1
_ _- H,.
ikeE, = . (rH,) — " in

2. Cr1abas mocTaHOBKA 33/1a4d B MPOCTPAHCTBE
Co0oJieBa

Beenem mpocrpancrBo W o kak 3aMmblkaHHe Vo 1o
HOPME, MOPOXKACHHON CKAISPHBIM MPOU3BEICHUEM

(Xa Y) — rdr (mlyl —|—J)2y2 ‘|‘€J33y3),

S—

U IMpOCTPAHCTBO Wl CO CKAJISIPHBIM IIPOU3BCACHHUCM

1
(X,Y), = /rdrdivH_diVH_—l—
0

1

—I—/erdr grad E,,grad E,) + (X,Y),

0

e )
dvi =12m 4 "h,

r Or r
(uepTa cBepxy 0003HAUAECT KOMIUICKCHOC COTMPSDKCHUC).
Jnsg monaydenus cmaboil TOCTAHOBKH 3a1auél CIEAyeT
YMHOXHTE (3) C7IeBa Ha IIPOM3BOIBHEIH BekTop Y. 13 V
¥ TPOUHTETPUPOBATEH TMOJYUUBITHHCS CKAISIp MO 7 B
npeaenax or 0 mo 1. Toraa mpuaeM K CIeAyIONMEN I10-
cTaHOBKe 3a/1auu (3):

(X,Y),-b(X,Y)=-(¥*-1)(X,Y) VY€V, (4)

Ime

1
b (X, Y) = / dr {k2€7‘ (}71X1 + }72X2) - ken}_’ng,—l—
0
- L 5 0 . 9 5
—I—kneY3X1 - 2k67‘Y2 —X3 - ZkE?"XQ—Y3 .
or or
3aMeTuM, 4TO BEpHA CICAYIONAS TeopeMa.
Teopewma 1. IIpocmpancmeo W xomnaxmuo eo-
sicerio 6 W,
JdokaszaTtenasbcTBo. IlokaxkeMm, 4To U3 TH0OO0OU
orpanMueHHOl B W' mocieqoBaTelbHOCTH MOXKHO W3-
BJIeYb cxoldAulytocs B W noamnocnenoBaTeabHocTsb. [

3TOTO 3aMETHM CHAYana, uTo cocrapisomyw H_ € W1
MOHO TIPEICTABUTE B BHJIC

H_ =gradvy +roty,
e

o in \7
grado (r) = | 5-0, ¢ |

r

= (2o 20)

Eciu 6Bl 2TO MpeacTaBicHHE HMEIO MECTO, TO, IO-
CKOITbKY

di ¢ 18 in in O 0
wroty = 3rrr . 87'X_ )
(rotrot x, e.) in\? L1 0.0 _ 4
€)=\ — —a raX= )
FObIObX, r ) X e arX X
in 0 1 0 1in
(rotgrad ¢, e,) = 751# " 8rr7¢—0a

(YHKIIAN 1 U x SBISUTHCH OBl PEleHUSIMH 3a/1a4

A =divH_.
o}
D=0, WOl <oo,
u
Ax = (rot H_,e,) = —ikeE,,
o}
t = — =
(rotx,m) = 5=x| _ =0, |x(0)|< oo,
HITH JTAKCe

Ax = (rot H_,e,) = —ikeE,,

x| =0 Ix(0)<oo.

IMockonbky onepanuu div H_ u (rot H_,e,) = —ikeE,
ONpe/c/icHBl B 00OOIICHHOM CMBICTC Ha BCEM IIpo-
crpanctBe W', to mms moboro H_ € W! MoxHO
HAaWTH COOTBETCTBYIONME ) W Y. BBEUUCINM BEKTOD
H' =gradt +rotx. Ihsnocte H” = H_ — H' Oyner
VIOBJIETBOPAITH ypaBHEHUSAM TEM-BOIHEL

div H” =0,

(rot H” e,) =0,

(H",n) =0,
r=1

KOTOpasd y BOMHOBOJa € OAHOCBA3HLIM CCUCHUCM TOX-
ACCTBCHHO paBHA HYJIIO, CJICA0OBATE/ILHO,

H_ =gradvy +rotx.
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HyCTB Uy — cnaboe PCIICHUC 3aaa491

Aun:fna

u,(0)]| < oo,

(0) )
Eun - =0 v u, - =0.

3aMeTuM, 4YTO BecoBoe IpocTpaHctBo CoboleBa
W2, mocTpoeHHOe Kak 3aMbIKaHHe MHOxecTBa {u (r) :

u(r) e C*[0,1], %un‘ = 0} umm C§° [0, 1] mo Hop-

1
e ||u|® = [ rdr ‘j—ﬂz, KOMITAKTHO BJIOXEHO B L2, TM0-
0
CTPOEHHOE KaK 3aMblkaHue u (r) € C*°[0,1] mo HopMe
1
|ul|* = [ dr|u|*. Hpome Beero 310 A0Ka3aTh MPH IO-
0

Mot nipeobpasoBanus [kccens, cienys M. A. Kunpus-
HoBY [5]. Toraa 3agada (5) Moxer OBITH MEpeNHUCaHa B
BUJIC

U, =Af,, u,€ Wf,

ric A — KOMHIAKTHBIH omeparop, MOITOMy H3 IO-
ciaenoBarenbHOCTH {u, }, OTBEUAIONMeH OTrpaHUYCHHOMN
B L? mnocnenoBatensHOCTH  {f,}, MOXHO H3BICYb
cxomsnyrocs B W72 moanocienoBarensHocts.  Clie-
JIOBATENBLHO, €CIU mocienoBarensuocts {X,} € Wt
orpanmucHa: || X,|? < C, o u ||divH_,|}. < C,
|E.ml3: < C, |lgrad E.,||3. < C. Hostomy u3 ot-
sevatonux  { X, } € W' mocrenosarensuocredt {x.,.},
{¢¥n}, {E..} MOXHO Hu3BNEYb CHIBHO CXOASIIH-
ect B W2 momnocnenosarensHoctd  {xx}, {v¥r}
M CHILHO CXOUsNIylocs B L2 MOAMOCHENOBATEND-
Hocth {F,;}. TaxuM oOpa3oM, MOAMOCIEAOBATEILHOC-
™ {H_p} = {grad¢y, + rotxx} u {E.} cxomarcs
o uopme LZ. TIOCKONBKY € (r) KyCOUHO-HEMPEPHIBHA U
€1 > €(r) > €2, To HOpMBI L2 u W OSKBHBaJICHTHBI,
HO2TOMY M3 OrpaHHYcHHOM B W1 mocnenoBareasHOCTH
MOXHO H3BJIeUb CXOASINyIocs B W mHoAnocneoBaTelb-
HOCTB, 4TO U TpeOOBaIOCh JOKA3aTh.

B cuny teopemsl Iicca U KOMIAKTHOCTH BIIOXKCHHS
npocrpanctea Wl B W CylllecTBYIOT Takue KOMITAKT-
upie Ha W' (cm., Hamp., [6]) omepatopsl B u A, uro

b(X,Y)=—(Y,BX),, (X,Y)=(Y,AX),.

IMosromy 3amaua (4) MOXET OBITH IIEpeMUCAHA B BUAC

X+BX=-(y"-1)AX, Xecw'  (6)

3. Hoanora cucteMbl KOPHEBBLIX BEKTOPOB

Js 06ocHOBaHUS MOTHOTHL CUCTEMEI KOPHEBBIX BEK-
TOPOB 3a/7a4H (6) MOKaXKEM, UTO MOCICAHSIS YIOBICTBO-
pster ycnousMm teopemMbl M. B. Kennpima [7]. s aToro
3aMETUM, UYTO A — SPMUTOB KOMIIAKTHBIN onepaTop Ha
W1 ¢ ker A =0 u BepHa ceAyIOmasa TeopeMa.

T eopewma 2. Cobemsennvie sHauenus onepamopa A
UMEIOM ACUMAMOMUKY A, R N2,

10 BMY, ¢usuka, acrpoHomus, Ne 6

JdoxaszatenbcTBo. Ilycrs X, € W! — cob-
CTBEHHBIE BEKTOPHI M ), — COOCTBEHHBIC 3HAUCHHUS
omepatopa A, TOIJa CpeAd HUX ecTh M Te, KOTOPBIE
YIOBIETBOPSIOT CHCTEME

ApgraddivH_,=H_,,

7
}\nAeEzn - €Ezn ( )

C 'paHUYHBIMH ycrnoBusiMd H,., (1) = E,, (1) =0, u B
YACTHOCTH T¢, KOTOPBIC YIOBACTBOPSIOT OTHON H3 ABYX

CHUCTECM:
}\nA'lﬁn — ¢na
0
— = 8
8r¢n r=1 0) ( )
Xn = Ezn — Oa
}\mAeEzm - 6-Emna
Ezm — Oa
r=1 (9)
P (r)=0,
AXm - _ikEma Xm (1) — Oa

rie A.p = div(egrady). B cuay TOro uro CHCTEMBI
bynximiit {¥,}, {xm}, {E.m} obpasyior 6asuc B L2
u nuddepeHIpyeMBl OCTATOYHOE YHUCIO pa3, Habop
X, ¥, E,, orBevaronuii moGomy Bektopy U3 W', mo-
’ker OBITh mpesacTaBieH B Buje psafa mo {¢,}, {xm},
{E..}, 1.e. {0}, {xm}, {E.m} — Gazuc na W1, u
CIIEMTOBATEILHO, UMH HCUEPIIBIBAIOTCS BCE COOCTBEHHEBIC
BEKTOPHI 3a,1a4H.

B zamauax (8) u (9) mpu e(r) =1 cobcTBeHHBIE
3HAUEHUS, OUCBHUTHO, PAcTyT, Kak KBaapat HoMepa. Ore-
HHUBasI COOCTBCHHBIC 3HAUYCHUS (9) B OOIeM ciaydac Mo
MPUHITANY MUHUMakKca [8], mOoJdy4uM, YTO U OHH TOXKE
pacryt, kak O (n2) , UTO U TpebOBAJIOCh /I0KA3aTh.

B cuny teopembl Kenpiima o moTHOTE KOPHEBEIX BEK-
TOPOB OMEPATOPHOTO MyUuKa U TeopeM | u 2 moiaydaem
CIIETYIONIYIO TEOPEMY.

Teopewma 3. Cucmema KopHesblx 8eKMOPO8 3a0ayul
(6) noana ¢ Wt.

4. HA3UCHOCTDL CHCTEMbl KOPHEBBIX BEKTOPOB

IMockonbKy ker A = 0, cymecrByer G = A~! — ap-
MHUTOB OIEPATOP C KOMIAKTHOW pe30JIbBEHTOH, TaKOH,
4TO €ro coOCTBEHHBIE 3HAYCHUS \,, ~ n?. Torma 3agady
(6) MOXKHO IIEpEIUCATEL B BUAC

(I+ B)GX = AX,

U INPUMCHUTHL K Hell TeopeMmy o Oa3WCHOCTH CHUCTEMBI
KOPHEBBIX BEKTOPOB [9, § 6], ecnmu moKasarh, 4To OIle-
parop BG 4aBasiercs p-MOTYUMHCHHBIM omepartopy G,
npudeM p = 1/2, T.e. 9ro cymiecTByer ¢ > 0, mpuueM

1—
1BGz||; < c||Gelff fl=ll,™ -
Mo ans mo6oro ¢ Haigercs y = Ge = A~ 1z, mosromy

OCICIHCC HCPABCHCTBO SABJIICTCA CICACTBUCM HCPABCH-
CTBa

1— 1—
|1 Byll; < ellyllf |4yl < blyllf lylly™
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npu mobom y € W'. C apyroit croponst, B — orpa-
HUYEHHBIH oneparop, T.¢. ||B||; = b, moaromy

1By} <

Cornacho 1. 2,

(By, By), < b|(y, By),|=bb(y)|.

b (X < CIXTLN1X o s

OTCIoJa

1Byl <18 y) < Clyll, llyllo

4TO M O3HAa4YaeT p-TOTINHEHHOCTE (p = 1/2) oneparopa
BG oneparopy G.

Ocraercs 3aMeTUTB, YTO KOIb CKOPO A, & n°, TO
a1 N(r) — cyMMBl KpaTHOCTEH BCeX COOCTBEHHBIX
3HAYCHUH (7, MCHBIITUX 7, — UMEET MECTO COOTHOITICHUES

2

const -N? =7 wm lim —N( ) < oo.

NG

ITo 9T0 03HAYAET, YTO BLIMOTHEHBI BCE YCIOBUS TEOPEMEI
0 0asUCHOCTH KOPHEBHIX BEKTOpPOB Myuka Kenapiiia,
MO3TOMY BEpHA CIIEyIONas TeopeMa.

Teopewma 4. Cucmema KOpHesbLX 8eKMOPO8 3a0a4UL
(6) obpazyem besycrosnvii basuc co ckobkamu ¢ Wt

VIK 530.145

ITra TeopemMa Mo3BOJSET 3aBEpPIIATE 0OOCHOBAHHUE Me-
TO/1a HOPMAJILHBIX BOJH JIJI JJAHHOTO Kl1acca pajIuoBO-
HOBOJTOB [4].

Ih6Gora BRIMONMHEHAa TpH (PHHAHCOBOH MOMIEPIKKE
I[KPDU (rpanT 00-01-00111).
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(ragpedpa meopemuuecxoii Qusuxu;
Kageopa KeaHmoso meopuu u QU3UKU bICOKUX IHeP2Uil)

MeT0/10M HHTErpaJIbHBIX NPeoOpPa3OBAHHI HAXOAUMTCS YHEPreTHUECKUIl CEKTP PaJHaJbHOrO ypasHeHHs
Ipénunrepa ¢ yaepKuBAaIOIMM NOTEHIHATOM CTENEHHOIO POCTa Ha OecKOHeYHOCTH. 3ajava cBeleHA K
npHOJIH:KeHHOMY PpellleHHI0 OeCKOHEYHOil CHCTeMBI JIHHEHHBIX ajre0pamvyecKux ypasHeHHit. C noMombIO
YUCJEHHBIX pacdeToB omnpeneieH cnekrp S-cocrosinusi ypasHenusi LlIpénunrepa ¢ JmHeiitHo pacTymum

NOTCHIIUAJIOM.

OnHoM W3 BaXHBIX 33/7a9 KBAaHTOBOH (OM3HMKU SIBIIS-
€Tcd HaXOXJIEHUE HEPreTHUECKOro CIEKTpa ypaBHEHUS
Mpénunrepa (YI) ¢ A0KaIbHBEIMH YACPKUBAIONUMHA
norcHiranamMu. Oanako paauancioe Y1 ¢ npou3Boib-
HBEIM OpOUTAJBHBIM KBaHTOBBIM umcioM [ = 0,1,...
HMEET TOYHOE PEIIEHHE TONBKO /IS OJTHOTO MOTEHITAAIA
TAKOr0 pofia — OCHWUISITOPHOrO (B TOM UMCAC U IS
€ro KOMOMHAIMU C MOTCHIMAIOM 1/72) M HEKOTOPBIX
ero MomuduKarmi, KOTophle, HAIpUMEp, MOTYT OBITh
MOAYYSHBI METO/IOM OOpaTHOU 3aJaud KBAHTOBOH TEO-
puu paccesaud [1]. IToaToMy OUCHb BaXKHBI pa3padoTKh
HOBBIX MPUOMM)KCHHBIX METOJIOB HAXOXKIACHUS CICKTPA
VI ¢ yaepKUBAIOIUMH MOTCHITHATIAMH 00JICE CIOXKHO-
ro BHJA.

B nmanHoii pabore MBI ompenenseM crnektp YIII ¢

Cl)I/IBI/I'-IGCKI/IM INOTCHIIUAJTIOM

ok _Z A

V(r)=arf - =+ a>0, K=1,2,..., (1)

P2’

KOTOPBIH MpencTapisget codoil KOMOUHAITUIO YACPKUBA-
IOINEro MOTeHIHAaNa CTENeHHOTo poCcTa, AaNbHOIeHCTBY-
IOIHUX KYJTOHOBCKOIO MOTCHIMAAA W MOTCHIIMAIA BH/A
1/r2. TIpH 5TOM MBI HCTIONB3YEM METOJl MHTET PATBHBIX
npeodpazoBaHuid, TpUMEHEHHBIN B paborax [2-4].

IThcemorpuM paauanbHoe ypaBHeHue Lpémunrepa
(YII) (Beibpano 2m = 1, A = 1) ¢ yAepKUBAIOIUM
noreHIanom (1):

42 {l+1)+ A
_M.Kg[;_%

dr? r

Z
\Il+7\11+5\11:0, (2)



