
�¥áâ¨ª �®áª®¢áª®£® ã¨¢¥àá¨â¥â . �¥à¨ï 3. �¨§¨ª . �áâà®®¬¨ï. 2005. ò3 3������������� � �������������� ��������� 514.752.4; 517.95 �������������� ����������� ����������������������� �������� � ���������������� ������ �����{������.�. �¨å®¬¨à®¢(ª ä¥¤à  ¬ â¥¬ â¨ª¨)E-mail: dmitrytv@mtu-net.ru�à®¢®¤¨âáï ä®à¬ «¨§ æ¨ï ¯à¥®¡à §®¢ ¨© �íª«ã¤  ¤«ï ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©,®á®¢  ï   «®ª «ì®¬ ¢§ ¨¬®¬ ¯à¥®¡à §®¢ ¨¨ á®®â¢¥âáâ¢ãîé¨å ¬¥âà¨ª. �áâ  ¢«¨¢ ¥âáï¢§ ¨¬®á¢ï§ì ¯à¥®¡à §®¢ ¨© �íª«ã¤  á ¯à¥®¡à §®¢ ¨¥¬ �¥ªã  ¨ �®ã« {�®¯ä .�¢¥¤¥¨¥� à ¡®â¥ ¯à®¢®¤ïâáï ¯®áâà®¥¨ï ¯à¥®¡à §®¢ ¨©�íª«ã¤  ¤«ï ¨§¢¥áâëå ãà ¢¥¨© ¬ â¥¬ â¨ç¥áª®©ä¨§¨ª¨, ®á®¢ ë¥   «®ª «ì®¬ ¢§ ¨¬®¬ ¯à¥-®¡à §®¢ ¨¨ á®®â¢¥âáâ¢ãîé¨å ¬¥âà¨ª [1, 2]. �áâ - ¢«¨¢ ¥âáï ¢§ ¨¬®á¢ï§ì ¯à¥®¡à §®¢ ¨© �íª«ã¤ á ¯à¥®¡à §®¢ ¨¥¬ �¥ªã  ¤«ï «®ª «ì®£® à¥è¥¨ïí««¨¯â¨ç¥áª®£® ãà ¢¥¨ï �¨ã¢¨««ï ¨ ¯à¥®¡à §®-¢ ¨¥¬ �®ã« {�®¯ä , á¢ï§ë¢ îé¥£® «®ª «ì®¥ à¥-è¥¨¥ ãà ¢¥¨ï �îà£¥àá  á à¥è¥¨¥¬ ãà ¢¥¨ïâ¥¯«®¯à®¢®¤®áâ¨.1. �á¥¢¤®áä¥à¨ç¥áª ï ¬¥âà¨ª  ®¡é¥£® ¢¨¤ � áá¬®âà¨¬ ¬¥âà¨ªã ¬®¤¥«¨ �«¥©  £¥®¬¥âà¨¨�®¡ ç¥¢áª®£® [3]:ds2 = 1ex2 (dex2 + det2): (1)�áãé¥áâ¢¨¬ ¯¥à¥å®¤ ®â ¯¥à¥¬¥ëå (ex;et) ª ¯¥à¥-¬¥ë¬ (x; t) ¯® ä®à¬ã« ¬(ex= u(x; t);et= v(x; t);£¤¥ u(x; t); v(x; t) | ¯à®¨§¢®«ìë¥ äãªæ¨¨âà¥¡ã¥¬®© £« ¤ª®áâ¨, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨îD(u;v)D(x;t) 6= 0; u(x; t) 6= 0 . � ª¨¬ ®¡à §®¬, ¢ ®¢ëå¯¥à¥¬¥ëå ¢ëà ¦¥¨¥ ¤«ï ¬¥âà¨ª¨ (1) ¯à¨¨¬ ¥â¢¨¤ [2]ds2 = (uxdx+ utdt)2u2 + (vxdx+ vtdt)2u2 : (2)�®áª®«ìªã ¯à®¨§¢®«ì ï ¬¥âà¨ª  £ ãáá®¢®© ªà¨-¢¨§ë K � �1 «®ª «ì® ¯à¨¢®¤¨âáï ª ¬¥âà¨ª¥¯«®áª®áâ¨ �®¡ ç¥¢áª®£® [3] ¨ £ ãáá®¢  ªà¨¢¨§ ¨¢ à¨ â  ®â®á¨â¥«ì® § ¬¥ë ¯¥à¥¬¥ëå, â®ä®à¬ã«  (2) «®ª «ì® ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡é¨© ¢¨¤¯á¥¢¤®áä¥à¨ç¥áª®© ¬¥âà¨ª¨ (K ��1).

2. �®ª «ìë¥ ¯à¥®¡à §®¢ ¨ï �íª«ã¤ ¤«ï í««¨¯â¨ç¥áª®£® ãà ¢¥¨ï �¨ã¢¨««ï� áá¬®âà¨¬ ¬¥âà¨ªã £ ãáá®¢®© ªà¨¢¨§ë K �� �1 , ®â¢¥ç îéãî í««¨¯â¨ç¥áª®¬ã ãà ¢¥¨î�¨ã¢¨««ï �
= e2
 [1]:ds2 = e2
(dx2 + dt2): (3)�®£« á® ¯à¥¤ë¤ãé¥¬ã ¯ãªâã, «®ª «ì®© § ¬¥®©ª®®à¤¨ â u(x; t); v(x; t) à áá¬ âà¨¢ ¥¬ ï ¬¥âà¨ª (3) ¯à¨¢®¤¨âáï ª ¢¨¤ã (2):8>>>>>><>>>>>>:e2
 = 1u2 (u2x + v2x);0 = 1u2 (uxut + vxvt);e2
 = 1u2 (u2t + v2t ):� à¥§ã«ìâ â¥ ¯®«ãç¨¬ á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ì-ëå á®®â®è¥¨©   ¥¨§¢¥áâë¥ äãªæ¨¨ u(x; t);v(x; t) [2]: 8>>><>>>:u2x + v2x = u2t + v2t ;uxut + vxvt = 0;D(u; v)D(x; t) 6= 0:�ãâ¥¬  «£¥¡à ¨ç¥áª¨å ¢ëç¨á«¥¨© ¯®«ãç¨¬, çâ®®¡é¨¬ à¥è¥¨¥¬ ¤ ®© á¨áâ¥¬ë ï¢«ï¥âáï ¯ à äãªæ¨©, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ �®è¨{�¨¬  (ux = vt; ut = �vx ¨«¨ vx = ut; vt = �ux) ¨D(u;v)D(x;t) 6= 0 , çâ® ¢ á¢®î ®ç¥à¥¤ì ¯à¨¢®¤¨â ª ¢ë¯®«-¥¨î ãà ¢¥¨ï � ¯« á  �u= 0 .� ¤àã£®© áâ®à®ë, à áá¬®âà¨¬ £ à¬®¨ç¥áªãîäãªæ¨î u(x; t) , ã¤®¢«¥â¢®àïîéãî ãà ¢¥¨î � ¯-« á  �u= 0 . �§ ä ªâ  áãé¥áâ¢®¢ ¨ï «®ª «ì® £ à-¬®¨ç¥áª®© äãªæ¨¨ v(x; t) , á®¯àï¦¥®© ª u(x; t) ,á«¥¤ã¥â ¢ë¯®«¥¨¥ ãá«®¢¨© �®è¨-�¨¬   (ux = vt;ut = �vx) , ¨, áà ¢¨¢ ï ¤ «¥¥ ¬¥âà¨ª¨ (2) ¨ (3),¯®«ãç ¥¬ ¨§¢¥áâ®¥ ¯à¥®¡à §®¢ ¨¥ �¥ªã  à¥è¥¨ï2 ���, ä¨§¨ª ,  áâà®®¬¨ï, ò3



4 �¥áâ¨ª �®áª®¢áª®£® ã¨¢¥àá¨â¥â . �¥à¨ï 3. �¨§¨ª . �áâà®®¬¨ï. 2005. ò3ãà ¢¥¨ï � ¯« á  u(x; t) ª à¥è¥¨î ãà ¢¥¨ï�¨ã¢¨««ï 
(x; t) :
(x; t) = 12 ln u2x+ u2tu2 : (4)�®®â®è¥¨¥ (4) ï¢«ï¥âáï ®¡é¨¬ «®ª «ìë¬ à¥è¥-¨¥¬ ãà ¢¥¨ï �¨ã¢¨««ï. �¥©áâ¢¨â¥«ì®, ª ¦¤®¬ãà¥è¥¨î ãà ¢¥¨ï � ¯« á  (ux+ut 6= 0) ¯® ä®à¬ã-«¥ (4) á®®â¢¥âáâ¢ã¥â ¥ª®â®à®¥ à¥è¥¨¥ ãà ¢¥¨ï�¨ã¢¨««ï; áãé¥áâ¢®¢ ¨¥ ®¡à â®£® ®â®¡à ¦¥¨ïá«¥¤ã¥â ¨§ áãé¥áâ¢®¢ ¨ï «®ª «ì®© § ¬¥ë ª®®à-¤¨ â.3. �¡é¥¥ «®ª «ì®¥ à¥è¥¨¥ ®¡®¡é¥®£®í««¨¯â¨ç¥áª®£® ãà ¢¥¨ï �¨ã¢¨««ï� áá¬®âà¨¬ ®¡®¡é¥®¥ ãà ¢¥¨¥ �¨ã¢¨««ï�
= e�2K
 , £¤¥ K � const 6= 0 .�ãáâì 
(x; t) |äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãà ¢-¥¨î �
 = e�2K
 ,   
0(u; v) | ¯à®¨§¢®«ì®¥ä¨ªá¨à®¢ ®¥ ç áâ®¥ à¥è¥¨¥ à áá¬ âà¨¢ ¥¬®£®ãà ¢¥¨ï ¢ ¯¥à¥¬¥ëå fu; vg . � áá¬®âà¨¬ ¤ «¥¥¤¢¥ ¬¥âà¨ª¨: ds21 = e�2K
(dx2 + dt2);ds22 = e�2K
0(du2 + dv2);£ ãáá®¢ë ªà¨¢¨§ë ª®â®àëå á®¢¯ ¤ îâ ¨ à ¢ë ¥ã-«¥¢®© ª®áâ â¥ K , ¯à¨áãâáâ¢ãîé¥© ¢ ®¡®¡é¥®¬ãà ¢¥¨¨ �¨ã¢¨««ï.�à®¨§¢¥¤¥¬ «®ª «ìãî § ¬¥ã ¯¥à¥¬¥ëå(u= u(x; t)v = v(x; t) , D(u;v)D(x;t) 6= 0 , ¯à¨¢®¤ïéãî ¬¥âà¨ªã ds22ª ¢¨¤ã ds21 (áãé¥áâ¢®¢ ¨¥ § ¬¥ë ¯¥à¥¬¥ëåá«¥¤ã¥â ¨§ á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬ë à ¡®âë [3]¨ ãá«®¢¨ï K � const). �à ¢¨¢ ï ¬¥âà¨ç¥áª¨¥ª®íää¨æ¨¥âë, ¯®«ãç ¥¬ á¨áâ¥¬ã8>><>>:e�2K
 = e�2K
0(u2x + v2x);0 = e�2K
0(uxut + vxvt);e�2K
 = e�2K
0(u2t + v2t );®¡é¥¥ à¥è¥¨¥ ª®â®à®© ®â®á¨â¥«ì® äãªæ¨©u(x; t) ¨ v(x; t) ¯®áâ ¢«ï¥â ¯ àã äãªæ¨©, á¢ï§ ãîãá«®¢¨ï¬¨ �®è¨{�¨¬   (ux = vt; ut = �vx ¨«¨vx = ut; vt = �ux) ¨ ãá«®¢¨¥¬ D(u;v)D(x;t) 6= 0 , ¯à¨ íâ®¬äãªæ¨ï u(x; t) ¡ã¤¥â ã¤®¢«¥â¢®àïâì ãà ¢¥¨î� ¯« á  �u= 0 . �à®¢®¤ï à ááã¦¤¥¨ï   «®£¨çë¥¯à¥¤ë¤ãé¥¬ã ¯ãªâã ¨ ¢ëà ¦ ï à¥è¥¨¥ 
(x; t)ãà ¢¥¨ï �
= e�2K
 , ¯®«ãç¨¬:
(x; t) = 
0(u(x; t); v(x; t))� 12K ln(u2x+ u2t );£¤¥ äãªæ¨ï u(x; t) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î � ¯-« á .� ª¨¬ ®¡à §®¬, ®¡é¥¥ «®ª «ì®¥ à¥è¥¨¥ ®¡®¡-é¥®£® ãà ¢¥¨ï �¨ã¢¨««ï ¢ëà ¦ ¥âáï ç¥à¥§

ç áâ®¥ à¥è¥¨¥ 
0 ¨ ¯à®¨§¢®«ì®¥ à¥è¥¨¥ ãà ¢-¥¨ï � ¯« á .1. �ë¡¥à¥¬ ¤«ï á«ãç ï K < 0 ç áâ®¥ à¥è¥¨¥¢ ¢¨¤¥ 
0(u; v) = � 12K ln �� 1Ku2 � . �®£¤  ®¡é¥¥ «®-ª «ì®¥ à¥è¥¨¥ 
(x; t) ¯à¨¨¬ ¥â ¢¨¤ ¯à¥®¡à §®-¢ ¨© �¥ªã :
(x; t) =� 12K ln��u2x + u2tKu2 � :2. �«ï á«ãç ï K > 0 à áá¬®âà¨¬ 
0(u; v) == 12K ln�ch2 �pK u�� , çâ® ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã¢ëà ¦¥¨î ®¡é¥£® «®ª «ì®£® à¥è¥¨ï 
(x; t) :
(x; t) = 12K ln0@ch2 �pK u�u2x + u2t 1A :�à¨¢¥¤¥ë¥ ¢ëè¥ à ááã¦¤¥¨ï ®â®á¨â¥«ì® ¯à¥-®¡à §®¢ ¨© �íª«ã¤  ¨¬¥îâ ®âç¥â«¨¢ë© £¥®¬¥âà¨-ç¥áª¨© å à ªâ¥à. �®ª «ìë¥ ¯à¥®¡à §®¢ ¨ï ª®®à-¤¨ â á®åà ïîâ £ ãáá®¢ã ªà¨¢¨§ã, ¨§¬¥ïï «¨èìäãªæ¨® «ìë© ¢¨¤ ¬¥âà¨ª¨, çâ® ¨ ¯®§¢®«ï¥â ®¯à¥-¤¥«¨âì á®®â¢¥âáâ¢ãîé¨¥ ¯à¥®¡à §®¢ ¨ï �íª«ã¤ .�   ¬ ¥ ç    ¨ ¥. � ë¥ à ááã¦¤¥¨ï à á¯à®-áâà ïîâáï ¨   á«ãç © ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨(K � 0). �®®â¢¥âáâ¢ãîé¨¥ ¬¥âà¨ª¨ ¤«ï à¥ «¨§ æ¨¨«®ª «ì®© § ¬¥ë ª®®à¤¨ â §¤¥áì á«¥¤ã¥â ¢ë¡à âì¢ ¢¨¤¥ ds21 = e2
(dx2 + dt2);ds22 = e2
0(du2 + dv2);¨ ¯®á«¥   «®£¨çëå à ááã¦¤¥¨© ¯®«ãç¨¬ ®¤® ¨§¨§¢¥áâëå ¢ëà ¦¥¨© ¯à¥®¡à §®¢ ¨© �íª«ã¤  ¤«ïãà ¢¥¨ï � ¯« á :
(x; t) = 
0(u(x; t); v(x; t)) + 12 ln(u2x + u2t );£¤¥ 
0(u; v) | ç áâ®¥ à¥è¥¨¥ ãà ¢¥¨ï � ¯« á .4. �®ª «ìë¥ ¯à¥®¡à §®¢ ¨ï �íª«ã¤ ¤«ï ãà ¢¥¨ï �îà£¥àá �¡à â¨¬áï ª ¯á¥¢¤®áä¥à¨ç¥áª®© ¬¥âà¨ª¥ ®¡é¥-£® ¢¨¤  (2). �â¢¥ç îé¨¥ ¤ ®© ¬¥âà¨ª¥ ¤¨ää¥-à¥æ¨ «ìë¥ ä®à¬ë ¬®£ãâ ¡ëâì ¯®«ãç¥ë ¨§ ¨§-¢¥áâ®£® ¢ëà ¦¥¨ï â¥®à¨¨ ¯®¤¢¨¦®£® à¥¯¥à  [4]ds2 = (!1)2 + (!2)2 ,  ¯à¨¬¥à ¢ á«¥¤ãîé¥¬ ¢¨¤¥:8<:!1 = vxu dx+ vtu dt;!2 = uxu dx+ utu dt: (5)�§¢¥áâ®, çâ® ¤¨ää¥à¥æ¨ «ìë¥ ä®à¬ë, ¯®áâà®¥-ë¥ ¯® �2 -¯à¥¤áâ ¢«¥¨î [1] ãà ¢¥¨ï �îà£¥àá ,¨¬¥îâ ¢¨¤ 8>><>>:!1 = �dx+ �w2 dt;!2 = w2 dx+�wx2 + w24 � dt: (6)



�¥áâ¨ª �®áª®¢áª®£® ã¨¢¥àá¨â¥â . �¥à¨ï 3. �¨§¨ª . �áâà®®¬¨ï. 2005. ò3 5�à¥®¡à §ã¥¬ ¬¥âà¨ªã ãà ¢¥¨ï �îà£¥àá  ª ®¡é¥-¬ã ¢¨¤ã (2), ¯à¨à ¢ï¢ ¯®¯ à® ¤¨ää¥à¥æ¨ «ìë¥ä®à¬ë (5) ¨ (6). �®«ãç¨¬ á«¥¤ãîéãî á¨áâ¥¬ã  äãªæ¨¨ u(x; t) ¨ v(x; t) :8><>:uxu = w2 ; utu = wx2 + w24 ;vxu = �; vtu = �2w: (7)�«ï â®£® çâ®¡ë á¨áâ¥¬  (7) ¡ë«  á®¢¬¥áâ®©, ¥®¡-å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë á¬¥è ë¥ ¯à®¨§¢®¤ë¥äãªæ¨© u(x; t) ¨ v(x; t) ¡ë«¨ à ¢ë.�§ ¤¢ãå ¯®á«¥¤¨å à ¢¥áâ¢ á¨áâ¥¬ë (7) á ãç¥â®¬¯¥à¢®£® ¨¬¥¥¬: 8<:vx = �u;vt = �uw2 = �ux: (8)�§ ¯¥à¢ëå ¤¢ãå à ¢¥áâ¢ (7):8><>:uxt = utw2 + uwt2 ;utx = ux�wx2 + w24 �+ u2 (wxx+wwx): (9)�à¨à ¢ï¥¬ á¬¥è ë¥ ¯à®¨§¢®¤ë¥ ¢ (9), ¯®«ãç¨¬:u2 (wt �wxx �wwx) + utw2 = ux�wx2 + w24 � : (10)�®áª®«ìªã äãªæ¨ï w(x; t) ã¤®¢«¥â¢®àï¥â ãà ¢¥-¨î �îà£¥àá , ãà ¢¥¨¥ (10) ¯à¨¬¥â ¢¨¤utw2 = ux�wx2 + w24 � : (11)� ãç¥â®¬ ¯¥à¢®£® à ¢¥áâ¢  (7) ¯à¨¢¥¤¥¬ á®®â®è¥-¨¥ (11) ª ¢¨¤ã utu = wx2 + w24 ;

çâ® á®¢¯ ¤ ¥â á® ¢â®àë¬ à ¢¥áâ¢®¬ á¨áâ¥¬ë (7).�â ª, ãá«®¢¨¥ á®¢¬¥áâ®áâ¨ ¤«ï äãªæ¨¨ u(x; t)¢ë¯®«¥®.�à¨à ¢ï¥¬ á¬¥è ë¥ ¯à®¨§¢®¤ë¥ äãªæ¨¨v(x; t) ¢ á¨áâ¥¬¥ (8): ut = uxx:� ª¨¬ ®¡à §®¬, äãªæ¨ï u(x; t) ã¤®¢«¥â¢®àï¥â ãà ¢-¥¨î â¥¯«®¯à®¢®¤®áâ¨.�§ ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë (7) ¯®«ãç¨¬ á«¥¤ã-îé¥¥ ¢ëà ¦¥¨¥ ¤«ï à¥è¥¨ï ãà ¢¥¨ï �îà£¥àá ç¥à¥§ ¥ª®â®à®¥ à¥è¥¨¥ ãà ¢¥¨ï â¥¯«®¯à®¢®¤®á-â¨ u(x; t) : w = 2uxu : (12)� áá¬ âà¨¢ ï ¯à®¨§¢®«ì®¥ à¥è¥¨¥ ãà ¢¥¨ï â¥¯-«®¯à®¢®¤®áâ¨, ¯ãâ¥¬ ¯àï¬®© ¯®¤áâ ®¢ª¨ ¢ëà ¦¥-¨ï (12) ¢ ãà ¢¥¨¥ �îà£¥àá  ¯®«ãç¨¬, çâ® ä®à-¬ã«  (12) ¢ëà ¦ ¥â «®ª «ì®¥ à¥è¥¨¥ ãà ¢¥¨ï�îà£¥àá  ç¥à¥§ ¥ª®â®à®¥ à¥è¥¨¥ ãà ¢¥¨ï â¥¯-«®¯à®¢®¤®áâ¨. �  ï ä®à¬ã«  ¨§¢¥áâ  ª ª ¯à¥-®¡à §®¢ ¨¥ �®ã« {�®¯ä  ¤«ï ãà ¢¥¨ï �îà£¥àá .�¨â¥à âãà 1. �®§ïª �.�., �®¯®¢ �.�. // �®ª«. ���. 1993. 332, ò4.�. 418.2. � ¤ ¤ ¥¢ �.�. �2 -¯à¥¤áâ ¢«¥¨ï ãà ¢¥¨© ¬ â¥¬ â¨ç¥áª®©ä¨§¨ª¨ ¨ ¨å ¥ª®â®àë¥ ¯à¨«®¦¥¨ï. �¨áá. ... ª ¤. ä¨§.-¬ â. ãª. �., 1999.3. �ã¡à®¢¨ �.�., �®¢¨ª®¢ �.�., �®¬¥ª® �.�. �®¢à¥¬¥ ï£¥®¬¥âà¨ï. �¥â®¤ë ¨ ¯à¨«®¦¥¨ï: � 2 â. �., 1998.4. � àâ  �. �¨ää¥à¥æ¨ «ì®¥ ¨áç¨á«¥¨¥. �¨ää¥à¥æ¨ «ì-ë¥ ä®à¬ë. �., 1971.5. � ¡®¢ �.�. �¢¥¤¥¨¥ ¢ â¥®à¨î ¥«¨¥©ëå ¢®«. �., 1988.�®áâã¯¨«  ¢ p¥¤ ªæ¨î03.03.04
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