
10 �¥áâ¨ª �®áª®¢áª®£® ã¨¢¥àá¨â¥â . �¥à¨ï 3. �¨§¨ª . �áâà®®¬¨ï. 2005. ò5��� 621.372.2 ���������� �������-���������� ���� ��������������� ��� �������������� �����������.�. �¥«¨æë, �.�. �â¥¯ ®¢(ª ä¥¤à  ¬ â¥¬ â¨ª¨)E-mail: delitsin@math356.phys.msu.su; veryhot@hotmail.ru� §à ¡®â  ¬¥â®¤ ¢ëç¨á«¥¨ï ¬®¤ £à ¤¨¥âëå ¤¨í«¥ªâà¨ç¥áª¨å ¢®«®¢®¤®¢. �¥§ã«ìâ âë¯à®¢¥¤¥®£® â¥áâ¨à®¢ ¨ï ¤«ï ¯®«®£® ¨ ¤¢ãåá«®©®£® ¢®«®¢®¤®¢ á¢¨¤¥â¥«ìáâ¢ãîâ ® ¢ëá®ª®©â®ç®áâ¨ ¬¥â®¤ . �à¥¤«®¦¥ë© ¬¥â®¤ ¯®§¢®«ï¥â à¥è¨âì ¯à®¡«¥¬ã  ¯¯à®ªá¨¬ æ¨¨ ¯®«ï ¢ ã«¥¢ æ¨«¨¤à¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨ â.�§¢¥áâ®, çâ® ¯à¨ ¯à¨¬¥¥¨¨ ¬¥â®¤  ª®¥çëåí«¥¬¥â®¢ ª § ¤ ç¥ à áç¥â  ¤¨í«¥ªâà¨ç¥áª®£® ¢®«-®¢®¤  ¢ æ¨«¨¤à¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨ â ¢®§¨-ª îâ ¤¢¥ ¯à®¡«¥¬ë:  ¯¯à®ªá¨¬ æ¨ï ¯®«ï ¢  ç «¥ª®®à¤¨ â ¨  ¯¯à®ªá¨¬ æ¨ï ã«¥¢®£® á®¡áâ¢¥®£®§ ç¥¨ï ¡¥áª®¥ç®© ªà â®áâ¨ [1]. �¤¨¬ ¨§ á¯®-á®¡®¢, ¯®§¢®«ïîé¨å à¥è¨âì ¯¥à¢ãî ¨§ ¨å, ¬®¦¥âá«ã¦¨âì ¢¢¥¤¥¨¥ ä¨ªâ¨¢®© ¤®¯®«¨â¥«ì®© £à -¨æë ¢ ®ªà¥áâ®áâ¨  ç «  æ¨«¨¤à¨ç¥áª®© á¨áâ¥¬ëª®®à¤¨ â, á®®â¢¥âáâ¢ãîé¥© ¨¤¥ «ì® ¯à®¢®¤ïé¥¬ãáâ¥à¦î ¬ «®£® à ¤¨ãá . �à¨ áâà¥¬«¥¨¨ íâ®£®à ¤¨ãá  ª ã«î á®¡áâ¢¥ë¥ § ç¥¨ï ¯®«ãç¥®©§ ¤ ç¨ ¡ã¤ãâ áâà¥¬¨âìáï ª á®¡áâ¢¥ë¬ § ç¥¨ï¬¨áå®¤®© § ¤ ç¨. � á«ãç ¥ § ¤ ç¨ ® á®¡áâ¢¥ëåç áâ®â å ¬¥¬¡à ë íâ® ¤®ª § ® ¢ à ¡®â¥ �.�. � -¬ àáª®£® [2], çâ® ¨ ¯®«®¦¥® ¢ ®á®¢ã ¯à¨¬¥ï¥¬®£®¢ à ¡®â¥ ¬¥â®¤ .� áá¬®âà¨¬ æ¨«¨¤à¨ç¥áª¨© ¢®«®¢®¤ á ªàã£®-¢ë¬ ¯®¯¥à¥çë¬ á¥ç¥¨¥¬ 
 ¥¤¨¨ç®£® à ¤¨ãá .� ¥ª®â®àãî â®çªã   ¥£® ®á¨ ¯®¬¥áâ¨¬ æ¨«¨¤-à¨ç¥áªãî á¨áâ¥¬ã ª®®à¤¨ â, ®áì Oz ª®â®à®©  -¯à ¢¨¬ ¯® ®á¨ æ¨«¨¤à . �ãáâì ¢®«®¢®¤ § ¯®«¥¢¥é¥áâ¢®¬ á å à ªâ¥à¨áâ¨ª®©:"(r; '; z) = "(r); �(r; '; z) = 1;" ªãá®ç®-¥¯à¥àë¢  ¢ 
 , áâ¥ª¨ ¨¤¥ «ì® ¯à®¢®-¤ïé¨¥.�ã¤¥¬ ¨áª âì à¥è¥¨ï ãà ¢¥¨© � ªá¢¥«« ¢ ¢¨¤¥ ®à¬ «ìëå ¢®« E;H � e�i!t+iz+im' . �®á-«¥ á®ªà é¥¨ï   íªá¯®¥æ¨ «ìë© ¬®¦¨â¥«ì¯à¨å®¤¨¬ ª § ¤ ç¥   ®âà¥§ª¥ [0; 1] , à®«ì á®¡áâ-¢¥®£® § ç¥¨ï ¨£à ¥â ¯ à ¬¥âà  . �«¥¤ãï [3],¢ë¡¥à¥¬ ¨§ á¨áâ¥¬ë ¢®áì¬¨ ãà ¢¥¨© � ªá¢¥«« è¥áâì ®á®¢ëå ¤«ï è¥áâ¨ ¥¨§¢¥áâëå á«¥¤ãîé¨¬®¡à §®¬:8>>>>>><>>>>>>:
1r dd'Hz � iH' + ik"Ek = 0;iHr � ddrHz + ik"E' = 0;1r ddr (r"Er) + 1r dd'("E') + i"Ez = 0; (1)

8>>>>>><>>>>>>:
1r dd'Ez � iE' � ikHr = 0;iEr � ddrEz � ikH' = 0;1r ddr (rHr) + 1r dd'H' + iHz = 0: (2)�¢¥¤¥¬ ®¡®§ ç¥¨ï X = (Hr;H'; Ez)T == (H?; Ez)T , Y = ("Er; "E';Hz)T = ("E?;Hz)T .�®¤áâ ¢«ïï Y ¨§ (2) ¢ (1), ¯à¨å®¤¨¬ ª ãà ¢¥¨î  á®¡áâ¢¥ë¥ § ç¥¨ï:0BBBBB@r ddr 1r ddr r+ k2"r imr ddr 1r �k"mim1r ddr r �m2r + k2"r �ik"r ddrkm" ik ddr r" ddr r" ddr � "rm2

1CCCCCAX =
= 2r0@1 1 "1AX; (3)£¤¥ X ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã ¢¥ªâ®à®¢ ¨§ C1[0; 1] .�à ¢¥¨¥ (3) ¤®¯®«¨¬ £à ¨çë¬¨ ãá«®¢¨ï¬¨Hr(1) = 0 ¨ Ez(1) = 0; jX(0)j <1 (4)¨ ¥¨á¯®«ì§®¢ ë¬ ¢ëè¥ ãà ¢¥¨¥¬ � ªá¢¥«« �ik"Ez = 1r ddr (rH')� 1r inHr: (5)�¢¥¤¥¬ ®¯¥à â®àëgrad'(r) =� ddr'; imr '�T ;rot'(r) =�imr ';� ddr'�T ;divH? = 1r ddr rHr + imr H':� á¯à¥¤¥«¥¨¥ á®¡áâ¢¥ëå § ç¥¨© ¢ ª®¬¯«¥ªá®©¯«®áª®áâ¨ ¨ ¨å  á¨¬¯â®â¨ª¨ ¯®«ãç¥ë ¢ [3].�ë¯¨è¥¬ ¢ à¨ æ¨®ë© äãªæ¨® « ¤«ï  è¥©§ ¤ ç¨. �«ï íâ®£® ã¬®¦¨¬ (3) á«¥¢    ¯à®¨§¢®«ì-



�¥áâ¨ª �®áª®¢áª®£® ã¨¢¥àá¨â¥â . �¥à¨ï 3. �¨§¨ª . �áâà®®¬¨ï. 2005. ò5 11ë© ¢¥ªâ®à Y T ¨ ¯à®¨â¥£à¨àã¥¬ ¯® r ¢ ¯à¥¤¥« å®â 0 ¤® 1. �®£¤  ¯®«ãç¨¬1Z0 r dr divH?divH?+ 1Z0 "r dr �gradEz; gradEz��� 1Z0 drnk2"r �HrHr +H'H'�� k"mHrEz ++ km"EzHr � ik"rH' ddrEz � ik"rH' ddrEzo==�2 1Z0 r dr �HrHr +H'H' + "EzEz� : (6)�®áª®«ìªã § ¤ ç  (3){(4) ¨¬¥¥â ®á®¡¥®áâì ¢ ã-«¥, ¥¥ ç¨á«¥ ï à¥ «¨§ æ¨ï ¬¥â®¤®¬ ª®¥çëåí«¥¬¥â®¢ ¯à¥¤áâ ¢«ï¥â ®¯à¥¤¥«¥ë¥ âàã¤®áâ¨.� ¬¥¨¬ ¥¥   § ¤ çã, ¢ ª®â®à®© ¢ ®ªà¥áâ®áâ¨ ã«ïà á¯®«®¦¨¬ ¯à®¢®¤ïé¨© æ¨«¨¤à ¬ «®£® à ¤¨ãá  a ,çâ® á®®â¢¥âáâ¢ã¥â á ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥¨ïà áá¬®âà¥¨î § ¤ ç¨1Za r dr divH?divH?+ 1Za "r dr �gradEz; gradEz��� 1Za drnk2"r �HrHr +H'H'�� k"mHrEz ++ km"EzHr � ik"rH' ddrEz � ik"rH' ddrEzo==�2 1Za r dr �HrHr +H'H' + "EzEz� (7)  ®âà¥§ª¥ [a; 1] ¨ ¯®áâ ®¢ª¥ £à ¨çëå ãá«®¢¨©¢¨¤  Hr(1) = 0 ¨ Ez(1) = 0; jX(a)j <1; (8)X ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã ¢¥ªâ®à®¢ ¨§ C1[a; 1] ,ã¤®¢«¥â¢®àïîé¨å £à ¨çë¬ ãá«®¢¨ï¬, ¨ ¥¨á¯®«ì-§®¢ ®¬ã ¢ëè¥ ãà ¢¥¨î � ªá¢¥«« �ik"Ez = 1r ddr (rH')� 1r imHr: (9)�«ï ã¯à®é¥¨ï ¢ëç¨á«¥¨© ¯à®¨§¢®¤ïâáï § ¬¥ërHr �Hr; iH' �H� .�¥è¥¨¥ ¡ã¤¥¬ ¨áª âì ¬¥â®¤®¬ á¬¥è ëå ª®¥ç-ëå í«¥¬¥â®¢ [4]. �¢¥¤¥¬   ®âà¥§ª¥ r 2 [a; 1] á¥âªãfxjg : j = 0; : : : ; N; x0 = a; xN = 1; N | ª®«¨ç¥áâ¢®ª®¥çëå í«¥¬¥â®¢.� §«®¦¨¬ ¯®«ï ¯® ¡ §¨áë¬ äãªæ¨ï¬ á ª®¥ç-ë¬¨ ®á¨â¥«ï¬¨:Xi = NiXn=0 cin'in; i= 1; 2; 3;Ni | ª®«¨ç¥áâ¢® ¡ §¨áëå äãªæ¨©, § ¢¨áïé¥¥®â ª®«¨ç¥áâ¢  ª®¥çëå í«¥¬¥â®¢ ¨ ¨å ¯®àï¤ª ,

cin | ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë. �à¨ íâ®¬ ¤«ï H'¡¥àãâáï à §àë¢ë¥ í«¥¬¥âë ¯¥à¢®£® ¯®àï¤ª '2n =8>>><>>>:0; x6 xj;xj+1 � xxj+1� xj ; xj 6 x6 xj+1;0; x> xj+1:'2(n+1) =8>>><>>>:; 0; x6 xj ;x� xjxj+1� xj ; xj 6 x6 xj+1;0; x> xj+1:�«ï Hr ¨ Ez ¡¥àãâáï ¥¯à¥àë¢ë¥ í«¥¬¥âë ¢â®à®-£® ¯®àï¤ª '3;4n =8>>><>>>:0; x6 xj;�4(x� xj)(x� xj+1)(xj+1 � xj)2 ; xj 6 x6 xj+1;0; x> xj+1;
'3;4(n+1) =

8>>>>>>>>>>>><>>>>>>>>>>>>:
0; x6 xj ;2(x� xj)(x� 0:5(xj + xj+1))(xj+1 � xj)2 ;xj 6 x6 xj+1;2(x� xj+1)(x� 0:5(xj + xj+1))(xj+1 � xj)2 ;xj+1 6 x6 xj+2;0; x> xj+2:�à¨ íâ®¬ ¢ â®çª å x0 ¨ xN ¡ §¨áë¥ äãªæ¨¨¤®«¦ë ã¤®¢«¥â¢®àïâì £à ¨çë¬ ãá«®¢¨ï¬ ¨áå®¤-®© § ¤ ç¨.�®¤áâ ¢«ïï ¯®«ãç¥ë¥ à §«®¦¥¨ï ¢ ¢ à¨ -æ¨®ë© äãªæ¨® « ¨ ¯à®¨§¢®¤ï ¨â¥£à¨à®¢ -¨¥, ¯®«ãç¨¬ § ¤ çã   á®¡áâ¢¥ë¥ § ç¥¨ï:A(k;m) = �2B , £¤¥ A(k;m) = a(k;m)ll; B = bll;l = 0; : : : ; N1+N2+N3; | ª¢ ¤à âë¥ à §àï¦¥ë¥¬ âà¨æë.�à®£à ¬¬  á®áâ ¢«¥  ¤«ï à áç¥â  æ¨«¨¤à¨-ç¥áª¨å ¢®«®¢®¤®¢ á ¯à®¨§¢®«ìë¬ ªãá®ç®-¥¯à¥-àë¢ë¬ § ¯®«¥¨¥¬ ¤¨í«¥ªâà¨ª®¬. �¥áâ¨à®¢ ¨¥¯à®¢®¤¨«®áì ¤«ï á«ãç ¥¢ ¯®«®£® ¢®«®¢®¤  ¨ ¤¢ãå-á«®©®£® ¢®«®¢®¤ , ¤®¯ãáª îé¨å â®ç®¥ à¥è¥¨¥.�   ¡« ¨æ   1�®¬¥à �®¬¥à ¬®¤ë  TM-¢®«  TE-¢®« 0 1 2:4048256 (2:4048261) 3:8317064 (3:8317061)2 5:5200791 (5:5200780) 7:0155942 (7:0155858)3 8:6537380 (8:6537277) 10:173511 (10:1734682)1 1 3:8317062 (3:8317061) 1:8409158 (1:8411838)2 7:0155895 (7:0155858) 5:3298359 (5:3314429)3 10:173489 (10:1734682) 8:5322647 (8:5363167)2 1 5:1356226 (5:13562231) 3:0542370 (3:05423697)2 8:4172498 (8:41724411) 6:7061354 (6:70613322)3 11:619875 (11:6198408) 9:9694866 (9:96946724)6 ���, ä¨§¨ª ,  áâà®®¬¨ï, ò5



12 �¥áâ¨ª �®áª®¢áª®£® ã¨¢¥àá¨â¥â . �¥à¨ï 3. �¨§¨ª . �áâà®®¬¨ï. 2005. ò5�   ¡ « ¨æ   2�®çë¥á®¡áâ¢¥ë¥§ ç¥¨ï � ¤¨ãá ¢ãâà¥¥£® ¯à®¢®¤ïé¥£® áâ¥à¦ï aa= 10�2 a= 10�3 a= 10�4 a= 10�5 a= 10�6 a= 10�72.4048261 2.4052714 2.4048302 2.4048258 2.4048257 2.4048257 2.40482575.5200780 5.5224651 5.5201168 5.5200932 5.5200930 5.5200930 5.52009303.8317061 3.8328913 3.8317252 3.8317135 3.8317134 3.8317134 3.83171347.0155858 7.0195663 7.0157455 7.0157080 7.0157080 7.0157079 7.0157081� á«ãç ¥ ¯®«®£® ¢®«®¢®¤  á¨áâ¥¬  ¢®« ¯à¥¤-áâ ¢«ï¥â á®¡®© áã¯¥à¯®§¨æ¨î ¯®«¥© ¬ £¨â®£®¨ í«¥ªâà¨ç¥áª®£® â¨¯ . �¥è¥¨¥ ¬®¦® ¢ë¯¨-á âì ç¥à¥§ ¢¥ªâ®à �¥àæ  � = CJm(�r) cosm' ¨«¨� =CJm(�r) sinm' .�®£¤  ãà ¢¥¨¥   á®¡áâ¢¥ë¥ § ç¥¨ï ¤«ïí«¥ªâà¨ç¥áª¨å ¢®« ¨¬¥¥â ¢¨¤ �e = 0 ¯à¨ r = 1;â. ¥. Jm(�) = 0; �mn | n-© ¯®«®¦¨â¥«ìë© ª®à¥ì.�«ï ¬ £¨âëå: d�mdr = 0 ¯à¨ r = 1; â. ¥. J 0m(�) = 0;�mn | n-© ¯®«®¦¨â¥«ìë© ª®à¥ì.� â ¡«. 1 ¯à¨¢¥¤¥ë ¢ëç¨á«¥ë¥ á®¡áâ¢¥ë¥§ ç¥¨ï ¨ â®çë¥ á®¡áâ¢¥ë¥ § ç¥¨ï (ãª § ë¢ áª®¡ª å) ¯à¨ 40 ª®¥çëå í«¥¬¥â å ¨ à ¤¨ãá¥¢ãâà¥¥£® áâ¥à¦ï a= 10�6 .� â ¡«. 2 ¯à¨¢¥¤¥  § ¢¨á¨¬®áâì á®¡áâ¢¥ëå§ ç¥¨© ã«¥¢®© ¬®¤ë ®â ¢ãâà¥¥£® à ¤¨ãá  a¯à¨ 20 ª®¥çëå í«¥¬¥â å.�®«ãç¥ë¥ à¥§ã«ìâ âë ¯®§¢®«ïîâ ãâ¢¥à¦¤ âì,
���������	
��¨á. 1
���������	
��¨á. 2

çâ® ¯à¨¬¥¥¨¥ ª®¥çëå í«¥¬¥â®¢ ¢ëá®ª®£® ¯®-àï¤ª  ¯®§¢®«ï¥â  ¯¯à®ªá¨¬¨à®¢ âì ¯®«¥ ¢ ã«¥¨ ¯à¨¢®¤¨â ª ¢ëá®ª®© â®ç®áâ¨   ¤®áâ â®ç® £àã¡®©á¥âª¥.� áá¬®âà¨¬ â¥¯¥àì á«ãç © ¤¢ãåá«®©®£® ¢®«®¢®-¤  á ®á¥á¨¬¬¥âà¨çë¬ § ¯®«¥¨¥¬ à ¤¨ãá  b ¨ ¤¨-í«¥ªâà¨ç¥áª®© ¯à®¨æ ¥¬®áâìî " . �®¤ë ªàã£«ëåá«®¨áâëå ¢®«®¢®¤®¢ ®¡« ¤ îâ àï¤®¬ ®á®¡¥®áâ¥©,®âáãâáâ¢ãîé¨å ã ¢®« ®¤®à®¤® § ¯®«¥ëå ¢®«-®¢®¤®¢ ¨ ¢®« á ®á¥¢®© á¨¬¬¥âà¨¥©. � ç áâ®áâ¨, ¨¬¯à¨áãé¥,  ¯à¨¬¥à, ï¢«¥¨¥  ®¬ «ì®© ¤¨á¯¥àá¨¨(d=dk) < 0 . �à¨ ®¯à¥¤¥«¥ëå ¯ à ¬¥âà å ¢®«®-¢®¤  íâ¨ ¢®«ë ¤ ¦¥ ¯à¨ ®âáãâáâ¢¨¨ ¤¨áá¨¯ æ¨¨í¥à£¨¨ ¯à¥®¡à §ãîâáï ¢ ¢®«ë á ª®¬¯«¥ªáë¬¨ ¯®-áâ®ïë¬¨ à á¯à®áâà ¥¨ï | ª®¬¯«¥ªáë¥ ¢®«ë.�¥è¥¨¥ ¡ã¤¥¬ ¨áª âì ¬¥â®¤®¬ á¬¥è ëå ª®-¥çëå í«¥¬¥â®¢ ®¯¨á ë¬ ¢ëè¥ ®¡à §®¬. �«ïà áç¥â  ¡¥à¥âáï 20 ª®¥çëå í«¥¬¥â®¢ ¨ à ¤¨ãá¢ãâà¥¥£® áâ¥à¦ï a= 10�6 .�¨¦¥ ¯à¨¢¥¤¥ë ¤¨á¯¥àá¨®ë¥ å à ªâ¥à¨áâ¨ª¨¨§è¨å â¨¯®¢ £¨¡à¨¤ëå ¢®« HE11 ¨ EH11 ¢®«®-¢®¤  ¯à¨ " = 10 , b = 0:2 (à¨á. 1), b = 0:6 (à¨á. 2).�¥¯à¥àë¢ë¬¨ «¨¨ï¬¨ ¨§®¡à ¦¥ë § ¢¨á¨¬®áâ¨Re  ®â k , â®çª ¬¨| § ¢¨á¨¬®áâ¨ Im  ®â k . �¥§ã«ì-â âë à áç¥â®¢ á £à ä¨ç¥áª®© â®ç®áâìî á®¢¯ ¤ îâá â®çë¬¨ § ç¥¨ï¬¨, ¯à¨¢¥¤¥ë¬¨ ¢ [5].� ª ¢¨¤® ¨§ à¨á. 1, ¢ ¤ ®¬ á«ãç ¥ ¯®áâ®ïë¥à á¯à®áâà ¥¨ï ¢®« ¨§è¨å â¨¯®¢ ¬®£ãâ ¡ëâì«¨¡® ç¨áâ® ¬¨¬ë¬¨, «¨¡® ç¨áâ® ¤¥©áâ¢¨â¥«ìë¬¨¢¥«¨ç¨ ¬¨, ¯à¨ç¥¬ ®¡¥ ¢®«ë ï¢«ïîâáï ®à¬ «ì-ë¬¨ ¢® ¢á¥¬ ç áâ®â®¬ ¤¨ ¯ §®¥.� ª ¢¨¤® ¨§ à¨á. 2, ¢ ¤ ®¬ á«ãç ¥ ¯à¨áãâáâ¢ã-îâ ª ª ®à¬ «ìë¥, â ª ¨  ®¬ «ìë¥ ¢®«ë. �à¨íâ®¬ ¢®§¨ª îâ ª®¬¯«¥ªáë¥ § ç¥¨ï  , ¨¬¥îé¨¥ª ª ¢¥é¥áâ¢¥ãî, â ª ¨ ª®¬¯«¥ªáãî ç áâ¨.�¨â¥à âãà 1. �®£®«î¡®¢ �.�., �¥«¨æë �.�. // �¥áâ. �®áª. ã-â . �¨§.�áâà®. 1996. ò1. C. 9 (Moscow University Phys. Bull. 1996.N 1. P. 7).2. � ¬ àáª¨© �.�. // �®ª«. �� ����. 1948. ò1. C. 631.3. �®£®«î¡®¢ �.�., �¥«¨æë �.�., � «ëå �.�. // ���¨ ��. 2001. 41, ò1. C. 126.4. Siarlit P.J., Lions J.L. Handbook on numerical analysis. V. 2.Finite element method. North Holland, Amsterdam, 1991.5. �¥á¥«®¢áª¨© �.�., � ¥¢áª¨© �.�. �«®¨áâë¥ ¬¥â ««®-¤¨í«¥ª-âà¨ç¥áª¨¥ ¢®«®¢®¤ë. �., 1988. �®áâã¯¨«  ¢ p¥¤ ªæ¨î11.10.04


