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BrengeHo nonsiTue Ko-myuka mpocTtpaHcTB Co0oseBa, 000o0UIaoNIee MOHATHE MPOCTPAH-
crea CoGoseBa, gokaszano o00o0OueHue teopembl Pennuxa—-®Ppuapuxca, moxg KoTtopoe
MOANAJAIOT ONePaTopbl KPaeBbIX 3aJay B HEOTPAHMYEHHBIX 00JACTAX W, B YaCTHOCTH,

BOJIHOBOJAX.

Psin npo6seM, BO3HUKAIOMIWX TP PACCMOTPEHHH
KpaeBbIX 3a7ay aKyCTHKH U 3JeKTPOAMHAMHUKH, MOXKHO
MpeNCcTaBUTh B HOBOM CBeTe, €CJIM CHCTeMaTHYeCKH
M3y4YUTh NPOHHKHOBEHHWE TOMOJOTMU 00/JaCTH 71-Mep-
HOTO eBKJ/IM0BA TPOCTPAHCTBA, B KOTOPOM paccMaTpH-
BaeTCsl 3a/1a4a, B TOMOJIOTHIO COOTBETCTBYIOLIETO MPO-
cTpaHctBa CoboseBa. B kauecTBe mpHMepoB NMPOHHUK-
HOBEHHS] OJIHOH TOMOJIOTHH B JPYTyH MOXKHO YyKa3aTb
TeOpHi0 y3soBbiX JauHMH Kypaura [1], Teopuio MHO-
KeCTB 3akpernJjeHus, passutyio A.A. Camapckum [2],
TEOpeMbl O CYIIECTBEHHOM crektpe [3-6] wau Haiu
MCCeIOBAHNSA O PacnpoCTpaHeHUH MOHATHS 06006IeH-
HOTO pelleHHs 3agadyu JlupuxJ/e Ha pelleHHs, He NpH-
Hagnexatue L2 [7].

1. Ko-ny4yok rujgb6epToBbIX MPOCTPAHCTB

o
Ipu BBenennn npocrpancrsa CoGonea Wi(X) ero
37eMeHTHl MepecTaloT ObITh (YHKIHeH Ha X, WHBIMH
Cl0BaMH, 3a0bIBaeTCsl TOMOJOTHSI NPOCTPaHCTBa X,
HO NPH 3TOM MexXJy OOBeKTaMH, HMEeIOLIMMH CMBICJ

[o)
B TOMOJIOTUH W%(X), U 00BbEKTaMH, UMEIOIIUMH CMBICJI
B Tomosoruud R", cyllecTByeT YcKoJb3aiolias Mpu
TAaKOM IO XO/€ CBS3b.
st Toro uToGBI COXpaHWTh Tomosoruw X, pac-
CMOTPHUM MPaBHJO, MO KOTOPOMY KaxKIOMY OTKPBITO-
My MHOxectBy U B X C R" craBuTCA B COOTBET-

[e]
cTBHe IUIbGepToBo npoctpanctso Wi(U), npuuem s
o
onpenenennoctn Wi(2) = 0. A1y KoHCTpyKUHMIO Oynem

o
Ha3bIBaTh KO-nyukom npocmparcms Coboresa W%(X)
Ha TOTOJIOTHUECKOM mpocTpaHcTtBe X C R”.

Ha sasbike Teopun kaTeropuu [8] 3TO MOXKHO BBI-
pasuTbh Tak: myctb Fop X — Kareropusi, oObeKTa-
MH KOTOpOH SBJSIIOTCS OTKPBITblE MHOXKeCTBa B X,
a CTpeJKaMH — BJIOKEHHUS, TOTA MPeINnydyoK —
KOMmMpBapuaHTHBIH QyHKTOp H3 Top X B KarTero-
puto b abeseBBIX rpynn. B HamleM caydae MOXKHO
cKaszaTb, uTo Ko-ny4ok CoboseBa — 3TO KOBapHaHT-
HbIH QyHKTOp M3 Top X B kaTeropuio 2Ab abeneBbIX
Tpyn, 4eM U 0OBSCHSIETCS MPUCTABKA «KO». [Ipu aTowm,
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KOHE€YHO, IMNOCJEeNHIO KaTeropuio MOXKHO YMEHbIIHTDb

[e]
no kareropun noanpoctpancts Wi(X), B koTopoit
CTPeJKaMH OMSITh SIBJASIIOTCS BJIOXKEHHs. DTa aHaJOTHsI
MO3BOJIUT JaJbllle UCMOJIb30BaTh HEKOTOPbIE KOHCTPYK-
MU U3 ajreGpanueckod TeoMeTpHH.

OTMmeTHM, YTO yKazaHHOe COOTBETCTBHE KOPPEKTHO
omnpenesieHo AJis J06oH obaactu U, maxe ¢ Hernaakon
rpanuueit. B camom gene, muoxectso C§°(U) BoxeHo
B C§°(R"), nosToMy HOpMa U CKasIsipHOE MPOU3BeJeHHe

WQl BIIOJIHE OIpe[eJseHbl Ha 3TOM MHOXECTBE Kak
0OblYHBIe PUMaHOBBI HHTerpassl no obgaactu B R” . Cre-
JloBaTeNIbHO, NpeAruaboepToBo mpoctpanctso Cio(U)

o
MOXXHO 3aMKHYTb M0 HOPME U MOJYUHTh W;(U). Touno
TaK »Ke, Kak HCCJAeJOBaHNEe pPa3pelllUMOCTH 3aJaun
Hupuxse Ha KoMnakte X ONMPAETCs HA TEOPHUI0 KOM-
MaKTHBIX ONepPaTopoB B I'MJbOEPTOBBIX MPOCTPAHCTBAX,
HCCeOBAHNE B CJydae IMpPOU3BOJbHONH obsactu X
OTIMpAeTCsl HA TEOPHI0 OTEepaToOpPOB B KO-MYydyKaxX T'MJib-
6epToBBIX MpocTpaHcTB. [lociaenHue moHUMAOTCS TaK.

Onpenenenne 1. Ckaxem, UTO Ha TOIMOJIOTH-
YeCKOM TpocTpaHcTBe X 3alaH KO-MYYOK T'MJIbOepTO-
BbIX npocTpaHcTB H(X), ecid KaxAOMY OTKPBITOMY
mMHOxecTBy U C X oTBedaeT rusib6epToBO MPOCTPaH-
ctBo H(U), npudem

1) Baoxkenune U C U’ Breuer $H(U) Cc HU');

2) H(2) =0;

3) KOoHeuHOMY TepecedeHuio obsacted U; oTBeuaet
H(NU;) = (" H(U);

4) npousBosibHOMY (OBITH MOXKET, HECUETHOMY) 00b-
enuHeHuio oonactedl U, COOTBETCTBYeT 3aMbIKaHHe MO
HOpMe §) JIMHEHHOTO MPOCTPaHCTBa, 06Pa30BaHHOTO
BCEBO3MOKHBIMH KOHEUHBIMH CYMMaMH 3JIeMEHTOB H3
npoctpancts $(U,), T.e.

H(UUa) = H(Ua).

B kauecTBe runb6epToBa MPOCTPAaHCTBA, UHAYIIHPO-
BAHHOINO Ha 3aMKHYTOM MHOXE€CTBe Z, NMPHMEM OpPTO-
roHasbHOe monojHenue Kk H(X —2Z), 1. e.

H(Z)=9H(X-2)".
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2. Oneparopbl, KOMIAaKTHbIE HA MHOMXKecTBe B X

Ternepb MOXKHO BBECTH HOBBIH KJiacC OIepaTopos,
3aHUMAIOIIHE TTPOMEKYTOUHOE M0JI0KEHHE MEXKIY KOM-
MakTHBIMH M OTpaHHYeHHBIMH omnepatopamu B $(X).
Omneparop A € £(H(X)) HazoBeM Komnakmuoim Ha Om-
KpoLmom uau samkrymom muoocecmse Y C X, ecnu
3TOT OMepaTop MePeBOAUT JIOGYIO MOCIeI0BATENbHOCT
v, € H(Y), orpaHuueHHyl0 M0 HOpMEe §), B KOMIMAKT-
HYIO, T.€.

v, € H(Y), |lvn]| £ C = Av,, cxoauTcst no HOpMe §.

(1)
Ananornuno kBagpatuuHasi opma a(v) Has3bIBaeTcs
KOMMAaKTHOH Ha Y, ecqiu BEpHO

CHpaBeI[J'[I/IBa caenymumasa teopema.

vy, —u = a(v,) — a(v). (2)

Teopema 1. Camoconpascentoiti, oepanuuer-
HbLL, NOAOHCUMENLHO ONpedeseHHblll U Beljecmaer-
Holll onepamop A asasemcs KomnakmHolm Ha Y, ec-
au ksaopamuunas gopma (v, Av) Komnakmua wa Y.

HoxaszatenbcTB0o. OB603HAUUM CHEKTpPasbHOE
CeMelCTBO CaMOCOMPSI)KEHHOT0 Or'DAHHYEHHOro orepa-
topa A kak E(\) [9, c. 341]. Torma npu chesaHHbIX
NPeNNoNIOKEHUSIX OTIepaTop

1Al

VA= | VAEO)

0

Oynet camoconpsikeHHbIM. [ToaTomy
1VAY||” = (0, Av),

¥ KOMMAKTHOCTb KBaapaTuuHo# (opmbl (v, Av) Ha Y
Breder komnaktHocth VA. Ho rtorma u omeparop

A= /AVA xomnakren na Y.

Teopembr (6) u (9) u3z [10, c. 35], Bocxomsiuiue
K DpJHHTY, TI03BOJISIIOT CPOPMYJIHPOBATh CJENYIOMINH
KPUTEpPUH JIOKaJbHOM KOMMNAKTHOCTH KBaIpaTUYHON
(hopMBI.

KBanparuunas (opmMa a Ha §) KomMmakTHa Ha Y,
ecau assi moboro uncaa € € (0,1] cymecrtByer Takas
okpecTHOCTb U, ¥ KOMMNAaKTHasi KBagpaTHuHas (op-
ma a. Ha $H(Y), uro

2
la(v)| < €||v||” + |ac(v)|, veH). (3)
Hao6opor, ecniu @ — komnakTHasi Ha Y KBaapaTUdHasi
¢dopma, a b — KOMNaKTHas CHUMMeETpPHYHAsi, CTPOro

MOJIOXKHUTeNbHAsT KBaapatHuHasi ¢opma Ha $H(Y), TO
#Jst 000ro MoJIoXKHUTe bHOTO Yncaa € > 0 HalmeTcs
Takoe MOJIOKHUTeNbHOE UHCI0 K(€), UTO CIpaBeNHBO
HepaBeHCTBO

la(v)| < e||v]|? + Kk(e)b(v), ve H(Y). (4)

3. O606menue teopemnl Peanuxa—Ppuapuxca

[e]
PaccmoTpenne B W%(X) 3agaun Jlupuxje o6 OThIC-
KaHUK QYHKIUHU U, YIOBJETBOPSIIOIIEH YCIOBHSIM

Av+Aiqu=f BX,
U|6X=0v

(5)

rne ¢ v f — pnaHHble (YHKUHH, @ A — [aHHOe
4HCJI0, B HEKOMNAKTHOH o6sacTh X OCJ0XKHEHO TeM,
yTO GUNHHeHHaa gopma

Jq(x) dx w*v

X
MOpOXKAaeT OrpaHUYeHHBIH, HO He KOMIAKTHBIH oOre-
patop. Mcro/sb3yst BBeeHHbIE BbIlle MOHSITHS, MOXHO
YyTBEPKIATh CJAEYIOLIee.

Teopema 2 (ob6obuienue Tteopembl Pennnxa-

Ppunpuxca). Onepamop A, noposcdenmoiti busurer-
KoLl gopmoti

(w, Av) o
2

P10 =Jq(x) dx w*v,

X

ede q(x) — Kycouno-Henpepovl8HAL KOMNACKCHO3HAY-
Has QYHKYUA, AOCOAOMHOE 3HaueHue KOmopoL oepa-
HUYEHO CBEPXY, SABALEMCS KOMNAKMHbIM HQ AHOOM
KOMNAKMHOM MHOXCECMBE.

JoxkaszartenbcTBO. 3aMeTHM, YTO KOMIIJIEKCHO-
3HauHas (QyHKLUHMS ¢ MOXKeT ObITb MpEeACTaBJeHa B BUIE
CYMMBI

q(x) = q1(x) — g2(x) + iq3(x) — iqa(x),

rae gn(x) — KyCcO4YHO-HerpephiBHbIE HEOTPHIIATENbHbBIE
dhyHkIuu. Kaxknas U3 HUX MOPOXKAAeT HEOTPHIATENb-
HO ompejesieHHble omnepatopel A,, K KOTOPbIM MOX-
HO MIPUMEHHUTH TPEAbIAYIINN KPUTEPUE KOMIaKTHOCTH.
[Tockonbky A = Ay — Ay + iA3 — iA4, Bce cBOgHUTCS
K CJIyyar HEOTPHULATENbHO ONpe/ie/leHHOU ¢, TOJI0XKH-
TeJbHOH Ha KOMIakTe Y.

B cusny Teopembr Pesnuxa kBampaTuuHasi ¢opma,
COOTBETCTBYIOlIast oneparopy A, KOMIakTHa Ha J0GOM

[e]
MHOKeCTBe W%(U), rie U — OTKpBITBIH KOMMAakKT
B XCR".
Bénbuine TpymHOCTH [AOCTaBJsSeT CJaydail, KOTAA
paccMaTprBaeMblil KoMnakT Y 3amxuyT. [lycts {v,} —
cnabo cXonsimasicsi K HYJI0 OTHOCHTEJbHO CKaJssipHO-

o
o TpoW3Be/ieHUst 3jeMeHToB mpoctpaHctBa Wi(Y),
a CJefoBaTeJbHO, M OrpaHUYeHHas TMOC/eL0BaTelb-

[e]
HOCTb 3JIEMEHTOB W;(Y):
lonlly <C.

CyliecTByeT OTKpbITas KoMmNakTHas obaactb U
C T/IaJIKOW TpaHHIleH, comeprkaliasi LeJuKoM Y, Mo-
3TOMY MOYKHO BOCTOJIb30BaThCsl Pa30reHHeM efnHHIH,
a UMEeHHO B3§ITh NBe Tagkue QYHKUHH @(x) U 1)(x)
Ha R, misg KOTOpPBIX

Px)+ex)=1, ¢ly=1, suppy CU.
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Torna
Up = Y0, + @, v, € W),
pU 3TOM
[$onllyy < C'
nockoneky 1 € Cg°(U). Pas U — kommakr, TO H3

{Avv,} MOKHO BBIIENUTb CXOASIIIYIOCS K HEKOTOPOMY
anemeHTy u 1o HopMe W, MOAMOC/Ie10BATENBHOCTD

Ao, = u.

Ho, ¢ npyroii ctopoHns!,

(@, Ao) = [ a(x) dx wipo = (oo, Av),
X
U B cuay u, — O BepHO
(w, AYuy,,) = (AyYw, v,,) — 0.

[Tostomy (w,Avyv,, —u) ctpemurcs K —(w, 4) ¥ K Hy-
JII0 OJIHOBPEeMEHHO. B cusy mosiokurteibHOM onpeaeseH-
HocTH A

Ay, -0
B HOpME W%(X).
[Tonoxum Tenepsb
Wy = (pUnk, fk = Awk

M JI0Ka)keM, YTO 3TH MOCJEe[0BATENbHOCTH OTPaHHUEH-
Hbl. [lepBasi mocsenoBaTe/bHOCTh W, €CTb PA3HOCTb
OTpaHUUEHHBIX [0 HOpME WQl MOCJIe0BATEJIbHOCTEH

Up, U Uy,. OTHOCHTE/BLHO BTOPOH 3aMeTHM, 4YTO

Uy € W%(Y) BJI€UET

A0n=0, XGX_Yy

M03TOMY
fk = Awk = A(‘Pvnk) = UnkA‘P + (ank’ V‘P)
npu Bcex x € X. Tlockombky ¢ynkuua ¢ € C°(U)
¥ (QYHKLUHS @ MEeHSIeTCsl JHIIb B HEKOTOPOH KOM-
nakTHOH obmacth U, 1o u f, € L>(U) paBHOMepHO
orpanuuenHa: ||fx|[;2 < C’.
B cuay KOMNakTHOCTH BJIOYKEHUS WQI(U) B L2(U)

n3 {w} Kak nocsenosaTesnbHoCTH dneMentoB Wy (U)
MOJKHO H3BJI€Ub T10CJe0BATENbHOCTh, CXOASIIYIOCS
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K HeKoTopoMy 3JeMeHTY @ B Hopme LZ(U). B cuny
TOTO UTO 3Ta [MOCJEN0BAaTeJbHOCTh CJab0o CXOMUTCS
K HYJI0, CaM 3JieMeHT u paseH HyJio. Ho torma B cuny

2
el By = @i )z < llellz,

iall 2y < C'll@all 2

MoAIoC/Je10BaATE/IbHOCTh wkﬂ CXOOUTCH K

o
¥ B HOpMeE W%(X).

Kak yxaseiBaeT npumep cyxatwledics TpyOsI, pac-
CMOTpeHHBIH B Hauase paboTsl Pennuxa [11], o6paTHoe
HEBEepPHO: CYLIEeCTBYIOT HEKOMIAKTHbIE 00/1aCTH, Ha KO-
TOPBIX ONpeje/eHHbIH TaKuM 00pa3om omepatop A He
SIBJISIETCS] KOMTMTAaKTHBIM.

Pa6ora BeIMONHEHA NpH (PUHAHCOBOHM TNOIAEPKKe
PODU (rpant 06-01-00146).
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