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Beeneno monsitne ko-myuka mnpoctpaHcte CobGoneBa u 3HaueHusi 3jaementa CoGosaesa
MPOCTPAHCTBA B TOUKEe. YKa3aHbl HEKOTOPBbIE TEOPEMBI O CBSI3M CXOOMMOCTH 1O HOpMe

M IOTOYE€YHOM CXOLMMOCTH.

[Ipn uccnenoBaHWK KpaeBbIX 3a/ad, pacCMaTpHBae-
MBIX B 06s1acTH X 71-MEpHOTO €BKJHI0BA NPOCTPAHCTBA
R*, TpebyeTcs H3y4YUTb MNPOHUKHOBEHHE TOMOJOTUU
npocTpanctBa X B TonoJoruio npoctpanctsa Cobo-

[e]
JieBa W;(X), yemy TocBsileHbl pabotel [1, 2]. Tlpu
3TOM YHNO0OHO BBeCTH cJjiefyioliee 0600I1leHHe TOHSATHS
THJIb0EpPTOBA MPOCTPAHCTBA:

Onpenenenne. CkaxeMm, 4TO Ha TOTOJOTHYe-
CKOM mipocTpaHcTBe X 3aJaH KO-Ny4OK TUIbOEpPTOBBIX
npoctpanctB H(X), ecau KaxKI0OMy OTKPBITOMY MHO-
x)ectBy U C X oTBeuaeT ru/b0epTOBO MPOCTPAHCTBO
HU), npuuem

) Baoxenne U C U’ saeuer H(U) Cc H(U');
2; H(@) =

KOHEYHOMY MepeceyeHunto obsacre Ul OoTBeYaeT

H(NU) =) HU);

4) npousBosibHOMY (OBITH MOXKET, HECUETHOMY) 00b-
enuHenuio oonactedt U, COOTBETCTBYeT 3aMblKaHHe MO
HOpMe §) JIMHEHHOTO MPOCTPaHCTBa, 06Pa30BaHHOTO
BCEBO3MOKHBIMH KOHEUHBIMH CYMMaMH 3JIeMEHTOB H3
npoctpancts $H(U,), T.e.

H(UU,)

= Z S’j(Ua)

B kauecTBe rusb6epToBa MPOCTPAaHCTBA, UHAYIIHPO-
BAHHOTNO Ha 3aMKHYTOM MHOXECTBe Z, NMPHMEM OpPTO-
roHasbHOe monojHenue Kk H(X —Z), 1. e.

9(Z)=H(X -2)"

B uacTHOCTH, TOCTaBUB B COOTBETCTBHE KaxKIOMY
OTKPBITOMY MHO}KECTBy U B X C R* mnpocTpaHCTBO

CoboJeBa W 5(U) wu npuHsB W o(@) =0 nnsa ompene-
JIEHHOCTH, TOJYUYUM KO-nyuok npocmparcme Cobose-

o
6a WJ(X) ua tononornueckom npoctpanctee X C R,
[upoku#l Kaacc TPUTOKEHUH OTKPBIBAET yKe TO
npocToe HabJofeHue, 9TO J0bast Touka X B R aBsi-
eTcsl 3aMKHYTBIM MHOYKECTBOM, H TI09TOMY OTpeeJseHO

o
npocrparctBo Wi(x). Yaaercs mokasatb cienyiouee:

Teopewma l. llpocmparcmeo Wh(x) odromepno,

o
U ecau 0603HAUUMb NPOEKMOP HA W%(X) kak P(x),
mo 0as 21000l eAa0KOU 8 mouKke X GYHKUUL U 8EPHO

P(x)v=v(x)P(x)w, (1)

ede W — npousBoAbHaAs eAQ0KAA PYHKUUSL, paABHAs
edunuye 8 mouke x.

o]

TeM cambiM 17151 JI06OTO 3JIEMeHTa W;(X) MOXXHO
BBECTH TIOHSATHE 3HAUEHHWs B TOUKe X KaK Ko3hdu-
MeHTa B pasfioxkeHHH P(x)v mo 6asucy, COCTOSIIIEMY
M3 ONHOTO BekTOpa ey, = P(x), T.e. paBHOTO 00pasy
MPOMU3BOJNIBHON TJIaAKOH (YHKIWH, PaBHOHW eIHWHHULE
B TOUKE X.

HoxazartesbcTBO TeopeMbl 1 pa3obbeM Ha HECKOJBKO
YTBEPXKACHUH.

o
1. Ilpocmparcmso W%(x) 00pa308aHO 2aPMOHU-
yeckuMU QYHKYUAMU C OCOOEHHOCMbIO 8 MOUKe X,
npuuem

C2(X) N W(x)=0. (2)
B camom nese, npoctpanctBo WI(x) o6pasosa-
HO BCEMH 3JIeMEeHTaMH" UOV%(X), OpPTOTOHAJbHBIMH

[e]
K C3°(X —x), moatomy v € W%(x) 03HayaeT, 4To

de (Vw,Vu)=0 VweCCU)
U

u anas gwob6oi obnactu U, He copmepxauied x. Ort-
cioma B cujay JemMmbl Beisisi [3] cremyer, 4To (hyHK-
uus o npuHamexkut C2(X —x) W ABAseTCS TapMOHH-
geckolt B obmactu X — x. Ecau k TomMy ke (yHKUUS
v € C>(X), 1o ee nannmacuan Av € C(X) u Bciony
B X — x paBeH HyJII0, 3HAYUT, OH PaBEH HYJIO U B TOU-
ke x ¥ v € C*(X) — rapmonuueckas GpyHKuus B X u3

o
W1(X), a takast QyHKuus paBHa HYJIIO.

2. 9nemenm v € C°(X), pasnoiii moscoecmeenno 1
8 Hekomopoii okpecmuocmu U mouku X, He npurao-
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o
Aexcum W%(X — X), U noamomy

WX —x) #WHX), te Wi)#0. (3)

Honyctum npoTHBHOe: mycTh 3jemMeHT v € Ci°(X),
TOXK/IECTBEHHO PABHBIH eQHHHUIIE B HEKOTOPOH KyOu-
yeckodl okpecTHOCTH U TOUKM X, He MNPHHALJEXKUT

[e]

WL(X — x), HO cywecTByeT cXomsiwascs K HeMy MO-
CclIef0BaTeIbHOCTh Uy € CE°(X — x). BssB mpoGHyio
ynxumio ¢ € C3°(U), Buamm, uto cymecTByeT rocJe-
NOBAaTeNbHOCTb Wy, = ¢ (1—vy,) € C*(U), ans KoTopo#
BEPHO

J’afy|Vuvm|2 -0, (4)
X
wn(x) =1, (5)

MOCKOJIbKY HOCHTEJb U, He CONEePXKHUT TOUKy X, H,
HaKOHell,

jdy @2 =5 0. (6)
X

Tak ke Kak MpH J0KasaTeJbCTBe HepaBeHCTBa [ly-
aHkape [4], U3 COOTHOIIEHHS

Y
Ony) — 1= J(Vwm, 1),

rie wuHTerpaj OepeTcsi MO NPOU3BOJBHOMY KOHTYDY,
COeIMHAIOUIEMY TOUKH X M Yy, MoJydaeTcs

de on(y) — 117 < 2L2de V)],
U U

rne L — niuHa pebpa kyba U . [loatomy u3 yrBepxke-
Hust (4) ciaenyer, 4To W, CXOIUTCS B CPEIHEM K €IH-
Huie, uto npotusopeuut (6). [TosTomy nocnemosateb-
HOCTH W, C yKa3aHHBIMH CBOHCTBAMU JIEeHCTBUTEJBHO
CYIIECTBOBATh He MOXKET.

3. Haobopom, arwboii aremenm v(y) € C3°(X),

o

PABHOLL HYAKD 8 MOUKE X, NPUHAOLeHcUM W%(X —X).
OKpyKHM X MaJoll 1apoBOi OKPECTHOCTBIO |x —y| < 7
pagvyca r, H BOCIOJb3yeMCsi TeOpeMOd O cylile-
CTBOBaHWM TMPOOHOH (yHKIUM [D], T.e. (QYHKIHH
o(y,r) € C*(X), xotopas

1) paBHa TOXIECTBEHHO HYJIIO B Kpyre |x—y| < r/2;

2) paBHa enuHHIE BHe |Xx —y| < 7;

3) 3akJjioueHa Ha unrepsase 0 < o < 1;

4) |Vye(y,r))| < C/r, tne C — KoHCTaHTa, He
3aBUCSIIIAs OT 7.

O6pasyeM Mpd ee TMOMOILIM [0C/JIeI0BATENbHOCT
{v(y)p(y,r)} € C(X — x) u 3ametum, 4to

o — vp(r)||? = j dy [V,0)(1 = oy )P <

lx—yl<r
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dy |V, u(y)>+2

lx—yl<r

<2 dy |V ,0(y, 1)o@ <

lx—yl<r

<28(n) [ " sup |Vv(y)|2 +

lx—y|<r

sup Jo(y))? |,

[x—y|<r

+ CQ rn—?

rne S(n) — msomanb n-mepHo# cdepol. M3 ycnosus
v(x) =0 crnenyet, uTo

sup |o(y)| <C'r,
lx—yl<r

nostomy ||v — ve(r)||> < C"r™ u, sHauut, cTpemutcs
K Hymo npu r — 0. Tem cambIM TocTpoeHa mocJeno-
BaTe/IbHOCTh 3JeMeHToB C§°(X —Xx), cxomsulascsa o
HOpMe WQl K paccMaTpuBaeMoll (pyHKLUHWHU U, a 3HAUMT,
M J10Ka3aHO BJIOXKeHHe

{veC&P(X): u(x) =0} C WH(X — x). (7)
Coornomenusi (3) u (7) MO3BOJSAIOT TMOACUUTATh

[e]
pasMepHOCTb JnHelHOro npoctpanctsa Wh(x). Hs co-
oTHomeHus (3) cienyeT, U4TO CYIIECTBYeT TaKoH 3Je-
meHT w € C3°(X), uto w(x) =1 u P(x)w#0. Torna
nis moboro snementa v € C°(X) MoxHO o6pasoBaTh
(DYHKIIHIO

u(y) =o(y) —v(x)w(y) € C5°(X),

KoTopasi paBHa HyJw B Touke x. [lostomy B cujy
cooTHoteHus (7) BepHO

0=Px)u=P(x)v—ov(x)P(x)w,

P(x)v=v(x)P(x)w. (8)
Ecau o6osHauuth P(x)w # 0 kak e,, TO mnoJyda-

eTcs, 4To Bce JHMHeHHoe mpocTpaHcTBO P(x)C5°(X)
B TOYHOCTH COBMagaeT C JIHHEHHBIM IPOCTPAHCTBOM,

[e]
HATSHYTBIM Ha 3JIEMEHT e, € W%(x). Orcroga sicHo,
YTO 3TO MPOCTPAHCTBO HMEET pa3MepHOCTb | u uTo

[e]
ero samblkanue P(x) W%(x) COBIAfaeT C HUM. ITO
¥ 3aBepllaeT 10Ka3aTeJbCTBO Teopembl 1.

Eciv 0 v W3BeCTHO JiMIIb, YTO OHA HeENpPepbIBHA,
TO K HeH CXOMUTCS HeKoTopasi MOC/IeI0BaTeNbHOCTh
Uy € C°(X), mpuuem Bcerga MOXHO J0OUTbCSI TOTO,
uTOObl B 3aflaHHOM TOuKe X Bce (PYHKIHMU U, MPHHHU-
MaJii 3HadyeHue v(x), Torma

IP(x)v —v(x)ex|| = [|P(x)v — P(x)un|| = 0,
¥ M03TOMy cooTHouieHue (8) ocraercst B cuje mJsi
JM060H HenpepbBHOH (DYyHKIIHUHU.

3aMeuanune. DJeMeHT €, BeCbMa I[I0X0XK Ha

[e]
dyukuno puna. Byayun snementom W1(x), on se-
JileTcs TapMOHHWYecKoH (yHKIHEeHd ¢ 0CO6EHHOCTBIO
B TOUKe X, pUYEM
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(€0,0) g 1y = (06:0) = (P(x)ex, 0) = (ex, PL)0) =
= v(x)(ex, ex)
uiM, e nooxuTh p(x) == ||ec|| 7!,

= 0(x)

Y veCCPX).
" oo (X)

(p(x)ec, ),

®ynriusa p(x)’e, ABASETCS rapMOHHYECKOH (DYHKIIMe

o
¢ onHol 0co60# TouKol y =x us C3H(X —x) N Wi(X),
KOTOpyH Mbl Oymem o6o3Hauatb kKak g(x,y). Ee oco-
OEHHOCTb TaKOBa, UTO

de (V,8(.9), V,0(p)) = 0(x) ¥ ve WHX) N C(X).
X

(9)

HO,U,‘-IepKHeM, 4YTO M3 3TOro0 COOTHOLIEHUA HE CJeNyeT

de o() A, (. y) =0,

X
HO JIMIIb
og(x,
| avowiset = [ an oL,
Y
X—=Uy Uy

Bonee toro, mpu n > 1 cootHomenne A,g(x,y) =
= 0(y — X) HEBO3MOXKHO, MOCKOJbKY Torna g(x,y) Obl-
na 6l pyHkuvel I'pruHa ¥ Kak QYHKIUS Yy TpPUHALJE-

[e]
KaJja Obl W;(X).
Tem He MeHee MHorHe cBoficTBa (yHKUMH [puHa
ocratorcsi B cusie. Hampumep, cootromenue (9), npu-
MeHeHHoe K v(y) =g(2,y), naet

g(r.2) = j dy (V,8(x.1), V,8(2. 1)),
X

OTKYy/Ja BUAHO, 4TO g(X,y) — cUMMeTpUuHast PyHKIIHSI.
[Tostomy g(x,y) ¥ Kak QYHKUHS X TOXKEe Trapmo-
HUueckasi mpu x # y. PakTHUecKH »XKe YCTAHOBJIEHO
CyIlleCTBOBaHHWE HEKOTOPOro aHasora (yHKuuH [puHa
OTHOCHTEJIBHO CKalsipHOro mpoussegennst B W, ': s
npousBoJbHOH o6sacth X C R" cyuiecTByeT cHUMMeT-
pUUHasi Mo X U y QYHKUUS g(x,Yy), YIOBJIETBOPSIOLIAs
YCJIOBHUSIM

Ayg(x!y) = 0!

g(x!y)‘yeax =0a

yEeX—x,
(10)

¥ 17st a060d GyHkuud v € C(X) N W%(X) BEPHO
o) = [ dy (Ve ) V000, (1)

X
TeM cambiM YCTAHOBJIEHO CYIIECTBOBAHHE HEKO-
TOPOH (YHKIMH g, VIOBJETBOPSIONIEH YCJIOBHSIM

(10)=(11), KoTopoe BOBce He OueBMIHO fAaxe B RZ.
Kazanock 6bl, ecii x =0 — Hayajo KOOpAHHAT, TO

¢dyukuus g(0,y) nomkHa ObITh CHMMETPHYHA OT-
HOCHTEJIbHO TIPYyNMbl N0BopoToB oceil. [lostomy oHa
JIOJI7KHA 3aBHUCEThb TOJIBKO OT |y|, U U3 OOBIKHOBEHHOTO
nuddepennnanbHoro ypasenuss Ag = 0 MOMeHTasIbHO
rnoJtyyaercs

g="Cilnly|+ Gy,

o
KOoTopasi He TpPHUHAMJIEXUT W%(RQ) MPOTHB HalIlero
yTBepxknenus. Ha camom pene mnpeo6GpasoBaHue U3
3TOU rpynnbl ao/mkHO nepeBoauth g(0,y) B HEKOTO-
o

pbiii ssement W1(O), 1 OHa MOXeT 3aBHCETb OT YIJIOB.

TouHo Tak e aHaluTHUecKas (yHKUuA [(2) = 2~
SIBJISIETCS CHMMETPHUYHOMH, a ee HeHCTBUTeJbHAs 4acThb
TaKOBOU He SIBJISIETCS.

Hcnonb3ysi HepaBeHCTBO
0(x) = w()] |lex]| = [|P(x) (v = @)[| < ||o — @],

MOXKHO 10Ka3aTh CJEAYIOlee yTBepPXKAeHHe:
Teopewma 2. Ecau anemenmor v U @ APOCMPAH-

cmsa \fV%(X) bausKku K Opye Opyey no Hopme WQI
lo—wl| <
u HenpepvleHol 8 X, mo OHU OGAUBKU U NOMOUEUHO:
lv(x) —w(x)| < plx)e VxeX,

ede |
p(x) = |lex]|”".
B uacmuocmu, ecau umeemcs UUCAEHHbLL AA2OPUMM

nocmpoenus nocaedosamenvrocmu v(x, h) € W(X)n
NC(X), cxodawuiicsa no Hopme W21 K KAQCCU1ECKOMY
pewenuro v(x) € C*(X) ¢ nopadkom k, m.e.

|lo(h) — v|| < ChF,

ede C — Hexomopas Kowcmawma, o h — napa-
memp, xapakmepusyrowui svtbpannoe npubsuicerue
(Hanpumep, OruHG epanu 68 MpPuaHeyALyuu obaacmu
O memoda KOHEeUHbLX SAEMEHMOB8), Mo 04 406020
komnakma K, omodeaennoco om epanuyot X, cyuie-
cmeyem maxas koncmanma C'(K), umo

lo(x, k) — v(x)| < C"(K)h*.

Otciona siICHO, 4TO MeETOI KOHEUHBIX 3JIeMEHTOB
nopsika OJWH M BbIlE, KaK W J1000H Ipyroll NpoeKLH-
OHHBIH METOJ, UCIIOJIb3YIOLUME HelpepbiBHbIE (PYHKIIKH,
CXOOHUTCS PaBHOMEPHO Ha JI06OM KoMmnakTe. DTOT PakT
XOpOIIIO U3BECTEH B PaMKaX UHUCJAEHHOTO 3KCNEPHMEHTA,
HO ero 000CHOBaHHE [OCTaBJISIET MHOXKECTBO XJIOIOT.
K npumepy, B [7] ero moxasbBalOT TOJbKO AJIS JHHEH-
HbIX KOHEUHBIX 3J1eMEHTOB pu k= 1.
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